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ABSTBACT 


Group algebraic approach to the study of P— I filters is considered. OleuKiification of 
P— I filters based on the ideals in group algebra is proposed and the possibility of equivalent 
reahzation of cyclic permutation invariant (P— I) filters in terms of abelian P— I fiilters is 
investigated. It is shown that such realizations are possible only for those P—I filters which 
are invariant relative to both cyclic and abelian permutation groups of same degree. 
Equivalent realizations are obtained on the basis of Mixedr>Radix (MRX) mapping and 
mapping based on Chinese— Remainder Theorem (CRT) for integers. Complete 
characterization of such filters is given for both of these mappings. Implementational 
advantages of realizing cyclic P—I filters as abelian P—I filters from the point of view of 
structural concurrency are pointed out. 

In the group algebra representation of a signal space, the space condsting of all 
nr4ength real— valued sequences, a P—I filter is a mapping firom group algebra into an ideal 
of the group algebra. A class of P—I filters that maps elements firom a group algebra into an 
ideal is itself shown to be an ideal. As a consequence, cyclic P—I filters are classified based 
on the ideals in cyclic group algebra and abelian P—I filters are classified based on the 
ideals in abelian group algebra. An expression for the number of conjugacy classes in 
abehan grotq> algebra is given and its significance to the above classificaticm is pointed out. 
This classification is instrumental in the identification of filters that are invariant under 
both <yclic and abelian permutations. Such filters are interpreted as elements of cychcally 
closed ideals in abelian group algebras and are called cydicaBy dosed abdian P—I filters. 
MRX mapping provides a basis to the characterizatimi of such ideals. From these ideals, a 
complete characterization of cychcally closed abelian P—1 filters is obtained. 



IV 


Whenever the orders of component cyclic sub groups are pairwise relatively prime 
integers, mapping based on CRT for integers is considered and it is shown that any cyclic 
P— I filter, whose dimension is a product of pairwise relatively prime integers has, an 
equivalent abeUan P— I filter realization. It is shown that the same sample domain CRT 
mapping relates the respective transform domain coefficients. Therefore, in the transform 
domain, this equivalent abelian P—1 filter realization has an implementation advantage 
over traditional cyclic P— I filter realization using Good-Thomas PFT algorithm in respect 
of address shuffling. 
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CHAPTER 1 
INTRODUCTION 


1.1 Motivation 

Signals are defined as real— valued functions of a variable that takes values firom an 
infinite index set. This index set has the structure of an infinite abeli2ui group. A linear 
time— invariant (LTI) system is a linear convolution operator that convolves an input signal 
with its impulse response signal thereby producing an output signal. Fourier transform 
(FT) provides a basis for the transform domain study of LTI systems. Filtering of a signal 
by an LTI system means modification of the fourier spectrum of the input signal by an 
appropriately chosen LTI system. To process finite length signals using LTI systems, zeros 
are appended to the signals and these are treated as signals defined over infinite index set 
with a finite support. Alternatively index set can be treated as finite to deal with finite 
length signals. When the structure of index set is a finite cyclic ^oup, we have a known 
class of cyclic convolution systems (CCSs). Here, discrete fourier transform (DFT) plays a 
role similar to that of FT for the case of LTI systems. The basis functions for DFT are 
discrete complex exponentials and are ordered in terms of frequency of ducrete complex 
exponentials. Hence the notion of filtering with respect to frequency as low pass, high pass, 
band pass and band stop is easily introduced. Another well-known class of dyrkdic 
convolution systems (DOSs) are obtained by assuming finite dyadic group structiure to the 
finite index set. Walsh— Hadamard transform (WHT) provides the necessary basis for the 
tramform domain study of this class of systems. Here also the discrete Wabh functions 
which are the baas functions for WHT are ordered in terms of number of zero crossings 
generaUy known as sequency. Therefore, analogous to the notion of filtering with respect to 
frequency using CCSs, we have the notion of filtaring uang DOSs with respect to sequency. 
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Generalization of the structure of finite index set to a finite atbelian group results in a more 
general class of convolution systems known as permutation invariant (P— I) convolution 
systems. In such systems, generalized Walsh— Hadamard trimsforms (QWHTs) play a role 
similar to that of DPT md WHT respectively in the context of CCSs and DCSs. In fact, 
CCSs and DCSs are special cases of the general class of P— I convolution systems. Filtering 
of signals using P— I convolution system that does not belong to either cyclic class or dyadic 
class, means mo<hfying the GWHT spectnun of input signals by an appropriate P— I 
convolution system. In this general case, the criterion of number of zero crossings may be 
used to find an ordering of the basis functions for GWHT as does the notions of fi:equency 
and sequency in the case of CCS and DCS P— I systems respectively. It remains to be seen 
whether this provides a viable alternative. It is obvioiis that for such GWHT, the number 
of zero crossings of basis functions will be lower bounded by the zero crossings (frequency) 
of a corresponding DPT basis functions and upper boimded by the zero crossings 
(sequency) of the corresponding basis functions of WHT (whenever it is applicable). In this 
context, it is worth while to compare the effects of filtering by different classes of P— I 
filters. Towards this end, experimentally, ^ven an image, some of the conjugate pontions 
were forced to zero, and the ^ect of this type of filtering was compared both with respect 
to cyclic and non-cyclic class of P— I systems of the same order. It was noticed that upon 
forcing certain conjugacy classes to zero produced same output images in both cases. This 
observation motivated to study whether there are any systems that belong to both cyclic 
and abelian classes and the possibiUty of eqmvalent realization of cyclic permutation 
invariant (P— I) systems in terms of abelian P—1 systems. 

1.2 Scope of the Work 

This thesK k concerned with the study of equivalent realization of cyclic P— I filters 
in terms of abelian P— I filters. For a fpven class of abelian P—1 filters, we obtained a 
complete characterization of P— I filters that are invariant under both cyclic and abelian 
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permutations. For this characterization, MRX mapping provides the necessary basis. 
However, when the ordera of the component cyclic subgroups are pairwise relatively prime 
integers, mapping based on CRT is also possible and it is shown that all cyclic P— I filters 
whose dimension are products of integers which are pairwise relatively prime have an 
equivalent abelian P— I filter realizations imder this mapping. 

Signal space, the space consisting of all n— length real valued sequences, can be 
viewed either as a vector sp£u:e, 1^, or as a group algebra, RG, where Q is an abelian group 
of order n. A finite discrete system is a linear transformation, T, which is a mapping fi:om 
IP into iP. A system is said to be permutation invariant (P— I), if the input signal is 
permuted in a particulaur manner then, the output signal of the system is also permuted in 
the same manner. On given number of n-eamples of an input signal, there exists n! 
permutations. Each class of P—l systems of dimension n is defined with respect to a set of 
permutations, forming transitive abdiian permutation (TAP) group, PG, of degree n. The 
number of distinct classes of P—I systems of dimension n is equal to the number of distinct 
TAP groups of degree n, in the n! permutations. A P—I system, 7, defined invariant 
relative to a TAP group, PG, of degree n which is isomorphic to G, is called an abelian P—I 
filter if it maps any n— tuple of iP into an nr^uple of a linear subspace of iP which is closed 
under the permutations belonging to PG- Input signal space to an abelian P—I filter is the 
whole iP and output signal space is a linear subspace of iP closed under permutations of 
PG. A cyclic P-4 filter uj a P—I system, 7, defined invariant relative to a cyclic TAP 
group, PC, of degree n, whose output signal space is a linear subspace of iP closed under 
cyclic permutations belonging to PC. Linear P—I filters have matrix representations and 
these matrices are called P—l matrices. The zero*^ column of a P—I matrix is the 
unit-sample response of the filter and other columns of this matrix are just the 
permutations (of the TAP group w.r.t. which the filter is defined) of the zero^ column. 
Any output signal of a P—I filter is a linear combination of the column vectors of the P—l 
matrix with the samples of the input signal as weighting facton 
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Suppose, if on a particulau: vector of R°, the effect of an abelian permutation of PG 
is same as that of a cyclic permutation of PC, then a P— I Biter whose P— I matrix has got 
this type of vector as its zero*^ column maps any n-H;uple of into an n— tuple of a linear 
subspace of iP closed under both abelian as well as cyclic permutations belon^ng to PG 
and PC respectively. Such a P— I filter is called a cyclic2dly closed abelian P— I filter. The 
main objective of this thesis is the characterization of such P— I filters based on both MKX 
and CRT mapping. For characterization purposes it will be advantageous to work in the 
group algebraic framework. 

1.3 Proposed Line of Approach 

There are three basic steps involved towards characterizing cyclically closed abelian 
P~I filters. The first step is to decompose into a direct sum of smallest subspaces closed 
under the permutations belonging to PG. The second step is to identify which of these 
smallest subspaces or direct sum of subsets of these smallest subspetces, are closed imder 
cyclic permutations belon^ng to PC. The last step is to identify the vectors whose cycHc 
permutations are same as abelian permutations from these spaces. All these steps are 
carried out by making use of the properties of group algebraic structure of signal space. 
Then P— I filtering is nothing but multiplication of group algebraic representations of input 
and filter vectors. Group algebra, RG, of a group G which is isomorphic to PG, over the 
field of real numbers can be expressed as a direct sum of minimal ideals in that group 
algebrei. Any oth«r ideal is a direct sum of subset of these minimal ideals. Every minimal 
ideal has an unique idempotent generator. Thk generates all the elements of the 
corresponding minimal ideal. Characterization of these idempotent generators is done easily 
in the transform domain. GWHT is an isomorphism between RG and the complex space 
restricted to the real images. In GWHT domain eeudi of the minimal ideals in RG 
corresponds to a set of elements which are nonr^ero over a single common conjugacy class. 
By invoking some properties of minimal ideals, it is shown that minimal ideals are 
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isomorphic to smallest subspaces closed under the permutations belonging to PG and that 
there is one to one correspondence between the ideeJs in group algebra and the subsp£u:es of 
closed under the permutations belonging to PG. This fact leads to the interpretation 
that abelian P— I filter is a mapping from RG to an ideal and a set of filters whose 
transform vectors are non— zero over a single common conjugacy class forms a minimal 
ideal. Consequently, cychc P— I filters are classified based on the ideals in cyclic group 
algebra and abelian P— I filters are classified based on the ideals in abehan g^oup algebra. 
This classification is made use of in the characterization of cyclically closed abehan P— I 
filters. For a given class of abelian P— I filters, we characterize all the elements of abehan 
group adgebra whose cychc permutations are same as the corresponding abehan 
permutations. This correspondence is established on the basis of mixed— radix (MRX) 
mapping. Because of the necessity that these elements should belong to the ideals of 
abehan group algebra that cue closed under cychc permutations, firstly, we completely 
characterize all the ideals that are closed under cychc permutations in the abehan group 
algebra. This characterization is given in [1] for the group algebra over a finite field. It is 
noticed that this result is also apphcable to the case of Real field and is used for 
characterizing cychcally closed abehan ideals in RG. Since, not adl the elements of 
cychcally closed ideals in abelian group algebra quahfy as cyclically closed abehan P— I 
filters, we characterize all those elements which are cychcally closed abelian P— I filters. 
Further, we consider CRT mapping (When the orders of component cychc groups are pair 
wise relatively {uime) and dbow that under this mapping, a cychc group algebra is 
isomorphic to an abehan group algebra. Then we show that all cychc P—1 filters in such a 
cychc group algebra have an equivalent realization as an abelian P— I filters. A brief 
summary of results obtained is gven below. 

1) P— I filters are classified based on the ideate in goup algebra. 

2) A complete characterization of cychcally closed abehan P—1 filters is gven based 
on MRX mapping. 
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3) A procedure for identification of 2-D cyclically closed abelian P—1 filters is given. 

4) It is shown that any cyclic P— I filter whose dimension is a product of pairwise 
relatively prime integers can be realized as an equivalent abelian P—1 filter. 

1.4 Outline of Chapters 

In Chapter 2, P— I filters are classified based on the ideals in group algebra. This 
cluqiter starts with the basic definitions of P—1 filters. In Section 2.2, some of the 
important properties of group algebra are discussed and it is shown that a P— I filter's 
output signal space is an ideal in a group algebra. In the next section, the set of all P—1 
filters that miqis elements from RG into an ideal, is shown to be that ideal itself. This 
provides a basb for classifying P— I filters. Consequently, cyclic and abelian P— I filters are 
clasmfied based on ideals in their respective group algebras. In Section 2.4, 
transformr-domain characterization of ideals in a groiq> algebra is reviewed. An expression 
giving the number of conjugaqy classes is derived and its significance with respect to above 
mentioned classification of P—1 filters is pcnnted out. In the last section of this chapter, 
transform— domain classification of P— I filters is discussed. 

Chapter 3 is devoted to the characterization of cyclically dosed abelian P— I filters. 
In Section 3.1, the concept of cydically dosed abelian P— I filtor is explained. In the next 
section cyclically dosed P—1 filters are shown to be dements of cydically closed ideals in 
abelian groiq> algebra. Section 3.3, contaim the characterisation of cyclic ideak in an 
abelian group algebra. In the next section, the characterization of cyclically closed abdian 
P— I filters k ^voi. In Section 3.5, transfonn-domain characterisation of cyclically dosed 
abelian P-4 filters is ^ven. In Sectiim 3.6, 2-D P—1 filters are discussed and a procedure 
fm idmtifying 2-D cyclically dosed abelian P— I filters is ^ven. In the last section, we 
discussdl equivalak abeliaa P-4 filter realizatiomi d cyclic P-4! filters based on CRT 
mai^nng. 

The thesis is comdmkd in CSiapto 4 ^dng summary d results obtained and 


suggestions for fiirther rercarch. 



CHAPTER 2 

CLASSIFICATION OF P-I FILTERS 
BASED ON IDEALS IN GROUP ALGEBRA 


A dgnal space ccnuistiiig of all real— valued sequences of length n, can be treated 
either as a vector )q>ace over reals, 1^, or as a g;roup algebra over the real field, RQ [4]. 
Usually, a signal space is treated as so that a Pennutationr-invariant (P— I) system 
turns out to be a linear transformation on K^, T, which is a miq>ping of into a P— I 
subspace of [3]. On the other hand, when a signal space is treated as a group al^bra, 
RQ, a P—1 system can be viewed as multiplication of elements belonging to the group 
algebra RG, with the unit sample response element E RG, charactmsing the P—1 system. 

In this chapter, we consider group algebra representation of a signal space and 
consequently, classify P—1 filtos based on the ideals in group algebra. 

In Section 2.1, we provide certain {ueliminaiy definitions that are required for our 
study. In Sectimi 2.2, we consider group-algebra representation of a signal space and list 
out some of the important properties of group-algebra that are relevant for our study. In 
additi<m, we diow that there is an isomorphic correspondence between the ideals of a ^oup 
algebra and the P—1 subspaces of the vector space iP. In Section 2.3, a class of P—1 filters 
that maps elements of a group algebra into an id^ is shown to be that ideal itself. In 
Section 2.4, tranrfonn-domain characterization ideals in RG is reviewed and an 
repression for the numbo: of conju^u^y classes is derived. Finally, in Section 2.5, we 
present the transfmm— domain classificatimi of P-1 filters. 
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2. 1 Permutation-Invariant (P-I) Filters 

In this section treating the signal space, the space consisting of all n— length 
real— valued sequences, as an n— dimensional vector space over the field of real numbers, R°, 
the concept of P— I filter is being explained. 

Let us consider the following three n— tuples, a = (a^ a^ a^ .. a^ .. b = (b^ b^ 

bg .. bj.. b^_j) and s = (s^ s^ s^ .. s^.. s^_j) fi^om denoting the input output and 
unit— sample response sequences of a system respectively. 

Let PG be the transitive abehan permutation group of degree n. The effect of amy 
permutation, Pj^ , belonging to PG on any signal, a = (a^ a^ ag .. a^ .. aj^_ 2 ) € R^, is 
described by the following relationship. 

PkW = < V V ■■ V ‘ (2.1.1) 

where jet = < (j - k ) (j,- k,) .- 0^,- k ) > 

0 1 r— 1 

(2.1.2) 

A system, T, which is defined with respect to the transitive abelian permutation 

group, PG, of degree n, whose elements, pj^ , k € , are being specified by the 

mixed— radix set {m^ m^ ... is characterized by the following generalized 

convolutional relationship. 
a-1 

b. = S 8. . a. (2.1.3) 

* j»0 J 

where iSj = < (vjj) (i,- j,) ■■ > 

u 1 r— 1 

Alternatively (2.1.3) can also be expressed in the form of matrix-equation as 
b=:Sa y a and b are nxl matrices and S is men matrix (2.1.4) 

Elements of S are given by 
S. . = s. . 

liJ 10} 

where i0j is as defined above. 


(2.1.5) 
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Example 2.1.1; For the class of P— I systems of dimension n defined with respect to the 
cyclic permutation group PC of degree n, the generalized convolutional relationship takes 
the familiar form of the cyclic convolutional relationship 


n— 1 

b. = S s.. .. j a. ; i 6 Z 

» j_0 (i-j)modn J m 


( 2 . 1 . 6 ) 


representing cyclic P— I systems commonly known as cyclic convolution systems. 

Hereafter, we refer to the above defined system as system, T, invariant relative to 
PG. It is xuiderstood that PG is being defined with respect to the mixed— radix set {m^ m^ 


The matrix, S, in (2.1.5) is also known as a permutation— invariant matrix, and its 
generator, i.e., the zero*^ column, s = (s^ s^ s^ .. s^ .. is actually the unit-sample 

response of the system, T. Any other column, k, of S can be obtained by permuting the 
zero*^ column, s, with the k*^ member, Pj^ , of PG, in accordance with (2.1.1). This fact 
leads to the interpretation that, the output sequence, b, of T can be interpreted as a linear 
combination of its colunm vectors with the samples of the input sequence, a, as weighting 
factors. In the form of equation, it is represented as 


■‘>0 ■ 


V 

>>1 


®l0k 

* 

a-1 


b. 

1 

k»0 

V 

1 

■J 

* 




(2.1.7) 


In other words, the system, T, ddined with respect to PG, maps the space of real 
n-tuples, iP, into the space of real nHiuples, in which each of the n— tuples is a linear 
combination of the colunm vectors of S. It means, the output signal space of the sj^tem, T, 
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has the fc^owing sequences: 

a) Zero^ column, s, of S 

b) All the resulting sequences, by the £q}plication of permutations belonging 
to PG to a. 

c) The sequences obtained by the linear combinations of the sequences 
mentioned in (a) and (b). 

This output signal space of T being characterised by s is linear and is closed tmder 
the permutations belon^g to PQ. In the following discussion, this type of space is simply 
referred to as the linear space invariant relative to PG. When the whole is considered, it 
is obvioudy a linear space invariant relative to PG and therefore a valid output signal 
space for T. From the space of real n-tuples, ll'^, it is possible to find linear subspaces of 
invariant relative to PG- These subspaces also can be taken as valid output signal spaces 
for the system, T, as defined in (2.1.3). In this context, the system, T, which is a mapping 
from into a linear subspace of 1^, invariant relative to PG, is called a P— I filter. In 
other words, P— I filter ms^ any real n-4uple belonging to into a nr^uple belon^g to 
the linear subspace of invariant relative to PG. Summarising the above discuamon we 
have the following definition for P—I filter. 

'^"^Definiticm 2.1.1; A P—I fitter can be defined as a system, T, which mapa the space of real 
n-tuples, iP, into the linear subspace of 1^, invariant relative to PG and its output-input 
relati<»iship is characterised by (2.1.3). 

^his P—I filter is said to be a mtftttna/ P—I filter if its output signal space does not 
contain any proper subspaces invariant relative to PG. Figure 2.1.1 illustrates the above 
notions of P—1 system, P—I filter ami minimal P-4 filter. 

If the permutaticm grcmp PG is cyclic (doiote it by PC), then a P-I filter is called a 
cyclic P—I filter, Otlurwise, it is called as an abdian P—I filter. It is to be noted that the 
oi:^put signal iqpace of a cydic P—1 filter b a linear subspace dt closed under the 
pormutations PC. On the other hand, oiAput signal space of an abelian P—I filter is a 
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Fig 2.1.1 Illustration of the notions of P-I 

System, P-I Filter and Minimal 
P-I Filter. 
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2.2 Review of Group Algebraic Concepts 

In this section the signal space is being treated as a group-algebra [4] and then 
isomorphic correspondence is established between the idecds in group algebra and the 
p^mutation invariant subspaces in This section starts with indexing the elements of an 
abelian group using mixed-radix indexing scheme. 

The elements of an abelian group, G, of order n which is a direct product of cyclic 
sub^oiips with generators x^, Xj, x^^ of orders m^j, m^^, m^^ respectively, are 

indexed as follows. 


G = C ®0 ®...®C 

“o 


m 


1^1 


; n = mjj mj...m^j 


where C is cyclic subgroup of order m. with generator x. and ® denotes direct 
i 

product. 

X® = 1 


X^ = x„ 


X^ = 


m-1 m -1 

[ =X(, 

in« 


“a+1 


Vo 


*r-l ^iv-2 

X = X < X „ ... X, X. 
Mr-2 10 


r-l i 

i 

c 

a 


1^0= B~x “ 


rvsO 


( 2 . 2 . 1 ) 


where i is the index of i with respect to the mixed-radix m in the mixed— radix 
a ^ a 

representation of i with respect to the mixed— radix set {mQ, mj^, ..., m^j} 


. m .—1 m n— 1 mu— 1 m.— 1 

^-1 „ ^ 0 

“ t-1 r-2 — ■"•j *Q 


Hie i^ element X* of the abeHan group, G, is indexed using mixed— radix indexing 



scheme as ^ven in (2.2.1). In the following discussion X is used to denote a general element 
belonging to G. 

Any nHiuple, a = (a^ a^^ aj .. a. .. belongmg to can be expressed as a 

plynomial in variables x^, x^, .., x^j as follows. 

= ( 2 - 2 - 2 ) 
where i^ is as defined in (2.2.1) 

. r-l i 

Let us denote the term in brackets of (2.2.2) by X* = D In the li^t of above 


a«0 


discussion on indexing the elements of abelian group, G, of order n it is to be noted that 

the set of X* s, {X®, X^, .., X*^^}, has the structure of an abelian groiqp of order n. 

The polynomial a(xQ, x^, .., x^^) can be interpreted as formal sums of the form 
a— 1 r— 1 i i 

S a( n X “ ) where a € R and x ® , a cychc group of order m with generator 

laiO otaO or 

x^. This set of formal sums have an algebraic structure called groiq) algebra. 

Defimticm 2.2.1: Let G be an abelian group of order n and R real field. The set of formal 

sums denoted by BG where RG — {a(X) = S a^ X ; Sy € R}, with the two operations 

X€G 

addition and multiplication respectivriy as 


a(X) + s(X)= E (ay + 8y)X ; a(X) = S a^X , s(X) = E SyX 
X6G XeG X6G 


and for Y € G 


Ya(X)= E ayXY= E a ,X 

X€G X6G XY ‘ 


(2.2.3) 

(2.2.4) 


is called group algebra 

Remark 2.2.1: Oomlnning the oprations given by (2.2.3) and (2.2.4) we get, 
for A, B € RG 

a(X)s(X) = ( EayX)(EsyX)= S( E a^ Sy)W 

X€G X€G * W€G XY=W * 


(2.2.5) 


The term inride the hradEets of last expresrion of (2.2.5) is a convolution 
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detennined by the structure of the abeUan {proup G. This convolution has another 

“fl “i 

interpretation as multiplication of polynomials modulo polynomial — 1), (Xj — 1), 

.tk • . . 

(x ■“ 1) when i“ element, X*, of G is indexed as in (2.2.1). 

^ As a consequence, cyclic convolution defined by (2.1.6) and generalised convolution 
defined by (2.1.3) can be interpreted as 

b(Z) = a(Z)a(Z) mod (ZM) (2.2.6) 

^ where Z is the genaator of cyclic group C of order n, and 

b(X) = .(XHX) mod (x'^ - 1), (x^ - 1), „ (x“^l - 1) 

(2.2.7) 

respectively. 

Remark 2.2.2; From (2.2.3) we see that group algebra, RG, has the structmre of a vector 
space over R of dimension n equal to the cnrda: of the group G, denoted by R°. Group 
algebra can be considered as a ring with addition and multiplication defined as in (2.2.3) 
and (2.2.4) respectively. Moreover it is a commutative ring with identity. 

We now proceed to discuss the notion of Ideals in group algebra. 

"-^Sefinitiaa 2.2.2: A subset I of group algebra,RG,is called an Ideal if 

a) I is a linear subspace of 

b) For aU a(X) € 1 and X € G, Xa(X) should be in I. 

In the following di8cu8sion,some of the results from semi— simple group-^gebra 
which are having relevance to our context will be presented [7]. 

The group al^bra RG over the field of real— numbers is semi-simple grorq> algebra. 
From Ronark (2.2.2) group algebra RG can be viewed as a ring (commutative ring with 
identity). Soni-rample group algebra RG is a principal ideal ring ; that is every ideal, I, is 
of the form 

y i = {8(X)a(X), 8(X) € RG} for some element a(X) € RG. 

An ideal I generated by 8(X) is denoted by < 8(X) >. In semi— simple gcoijp algebra. 
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/ every ideal has an idempotent generator ^X). This idempotent generator has the following 
properties. 


Let tf(X) = E 
iaO 


( 2 . 2 . 8 ) 


^ 8(X) € I ^ »(X)tf(X) = 8(X) (2.2.9) 

It is also known from the theory of semir-eimple group algebras that EG is the 
direct sum of its minima l ideals. A minimal ideal is one which has no proper sub— ideals. 

EG = < Mq> ^ < Mj> ^ ... €B < M^_j> (2.2.10) 

Any other ideal in EG can be expressed as a direct sum of subset of these Tninimw.] 


ideals. 

The idempotent generators 0.(X) of M, satisfy the following properties: 


t-1 


ii 

M f 

•m 

V 

(2.2.11) 

'tfK)0fq = 0 ; i#j 

(2.2.12) 

<*,{X)>n< *j(X)> = 0 ;i#j 

(2.2.13) 


The results from the group theory that any finite group of order n is isomcaphic to a 
regular permutation group of the same degree and that a transitive ab^an permutati<m 
group is a regular permutation groiq>, lead us to see the connection between ideal and the 
output signal space of tiie system defined by (2.1.3). 

In the light of (2.2.4), c<Midition(b) of definition (2.2.2) can also be interpreted as 
the set ot formal sums, formed by the sequences resulting from the implication of 
permutations helming to PG to a = (a^ a^ a^ .. a. .. also should belong to 1. 

TherefOTe, output signal space ci the systom defined by (2.1.3) can also be viewed as Ideal 
in the group algebra EG. In the following tluorem, we prove that there is one to rme 
correspondence between ideate in groip algelva and the subepaces invariant relative to PG. 
Theorem 2.2.1: There is <nie-4o-one correspondence between subspaces invariant relative 
to PG over R and the ideate in the group algebra, EG of abelian group G. 
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Proof: Let be a linear subspace of R^ and RQ^ denote subspace of RQ. Let 

a = (*() *1” ®|," * ^ * vector of length n belcHoging to 1^. Consider 

a~l r— 1 i 

a(X) = S &( 1 X ) as the dement in group algebra RQ corresponding to a. It is 

iseO OfiasO 

obvious that this association is an isomorphism between RQ and R°, considered as vector 
jq>aces over R. Hence R^ = RQ^. An element pj^ , k € , permutes a into 

*=(■» “i ■•V^ ■■•i+vVi) 

>1^ ■■ "j ■■ 

The corresponding element of RQ is 

p^(a(X)) = (2.2.14) 

Since X*"^^ = X*X*^, (2.2.14) can be written as 

p^(a(X)) = ajX*X‘ = X‘(a(X)) ; X*' € Q (2.2.16) 

ia>0 

If R^ is assumed to be invariant relative to PQ,then P]^(<0 ^ whenever a € R^. Then 
according to (2.2.15) 

a(X) € RQ^, x4 Q X*a(X) € RG^ 
and therefore RG^ is an ideal in RG.0 

With the correspondence between ideals and P— I subiqMtces closed under the 
permutations of PG, being thus established, we now move on to define P—I filter in terms 
ai ideals in group algebra. 

^ 2.3 Interpretation of a Class of P-I Filters as an Ideal 
in Group Algebra 

From the last section it is known that group-algebra can be expressed as a direct 
sum of minimal ideals and that any ideal is a direct sum of subset of these minimal ideals. 
Further, th^e is one-4o-«ne correspondence between the ideals and the 
permutation-invariant subspaces. By making use of these fimts, JP can be decomposed into 
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\y'' Its as If = where R is the smallest subspace, closed under the 
permutations of PQ, corresponding to the minimal ideal M. in RG [5]. Any n-tuple, of 
is uniquely expressed as direct sum of nr-tuples, a°, a*, a*“^ belonging to R^ , R^ , 

R^j req)ectively. Sance the system, T, is defined with respect to PG the subspaces It s are 
invariant under T abo. The fact that each R^ is invariant under T enables us to view the 
action of T as the ind^iendent action of transformations T- on the subspaces RL , where T- 
is the transformation T restricted to R. Therdbre the action of T on a € R“ can be 
expressed in the following form. 

9 9. 9 (2.3.1) 

In other words, this T can be doM^ribed as the direct sum of the transformations Tq 
T, . T^, . Our purpose is to study T by finding invariant direct-sum decompositions 
in which the transformations are of elementary nature. Towards this end, each class of 
these elementary transformations can be interpreted as a minimal ideal in the group 
algebra fcsr which well-known methods of characterisations are available in the literature. 
We now give the definition of a P—1 filter in groiq) algebra as follows. 

'‘^'^efiniticm 2.2.3: P— I filt^ is a system, T, which maps any elmnent of group algebra RG 
into an dement of an ideal in the group-slgebra and its input-output rdationdiip is given 
by 

b(X) = 8(X) a(X) mod (X^ - 1). (X^* - 1), (x”;^* - 1) 

( 2 . 3 . 2 ) 

where a(X), s(X) and b(X) are input, unit-sample response and output elements of the 
filter. 

For the case dP cyclic P-1 filter this relation takes the form dP 

\/b(Z)=s(Z)a(Z)mod(Z“-l) (2.3.3) 

where Z is the genorator of cyclic group order n. 

jRemazk 2.3.1: The unit-eami^e response element s(X) of T can be interpreted as the 
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direct sum ci vectors belongmg to the minimal ideals in the group-algebra. Output space 
of T is the ideal generated by s(X). 

^^''^emark 2.3.2: A set of P—I filters that nu^ elements of EG into the same ideal forms an 
ideal in ^oup algebra. This follows firom the definition of the ideal. We call thw set as an 
ideal of P—I filters. This affords a classification of P—I filters based on the ideals in group 
algebra EG. Consequently, a class of cyclic P-I filters that maps into the same ideal can be 
interpreted as an ideal in cyclic group algebra EC and abelian P—I filters as an ideal in 
abelian group algebra EG. 

A P—I filter is said to be minimal P—l filter if its output signal space does not 
contain any nontrivial sub ideals or if the ideal generated by s(X) is a minimal ideal. A 
class of P—I filters, {s(x)}, that generate a common minimal ideal is a minimal ideal in EG. 
Similarly a class of cychc P—I filters, {s(Z)}, that map into a connnon minimal ideal is a 
minimal ideal in cyclic group algebra EC- To distinguish the ideals in EG from the ideals 
in EC, we call the former as abelian ideals and the latter as cyclic ideals. 

^-i^Cemark 2.3.3: Some of the advantages of claanfication df P—1 filters based on the ideals of 
group algebra are as follows. 

1) This is concerned with the implementation of a P—1 filter. In the begriming of 
this section, we have shown that a P—1 filter can be thou|^t of as the direct sum of 
minimal P—1 filters. It is known fr(mi the work of T.Beth [8] that it is more efficient to 
work out computations in each summand minimal ideal than in the group algebra itself. 
This can be made use of in implementing a P—I filter. 

2) In order to characterise a P—1 filter in terms of a linearity property say *t', 
sometimes it will be advantageous to characterise an ideal corre^nding to that P—1 filter 
in terms of ‘t*. This will be made use of while studying cyclically dosed abelian P—I filters 
in the next chapter. 

hr the following section, we present the transform domain characterisation ot ideals 
in group alf^bra which means the characterisation bf P—I filters. 
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'^.4 Brief Review of Transform Domain Characterization of Ideals 

From Section 2.2, it is known that every ideal in RG is characterized by an 
idempotent generator. Tlierefore, by characterizing the minimal idempotent generators in 
KG, minimal ideak in KG can be characterized. Charactmzation oi these Idempotent 
^noratms is more easy in the transform domain rather than in the sample domain. 

Generalized Walsh— Hadamard traiwform defined with respect to the mixed-radix 
set {m^, mj, .., na^j} maps a = (a^ a^ a^ .. a. .. € 1^ into a complex vector A = (A^ 

Aj A^ .. A. .. A^__^) in the transform d(xnain. These two vectors are related by the 
following equations. 


B-1 r-1 


A. = S ( n 7 *a^tf)a. ; i€Z and 7 is m*^ root of unity. 

‘ j-0 CM) “a ^ " “a 

(2.4.1) 

(2.4.2) 

Equations (2.4.1) and (2.4.2) are known as forward and inverse transforms 
respectively .They form Generalized WiJsh— Hadamard transform pair. 

If the sequence a is firom 1^, then the samples of the transform sequence A satisfy 
the following relationship, generally known as complex— conjugacy rdation between the 


^ a. = V(^n^ 7'*‘Vtt)A. ;j6Z 

1 /v'm •'i’’’ a 

* IsaO <»b 0 or 


transform coefficients. 

y k = k . ; * denotes cmnplex— conjugate 

i *0* 


(2.4.3) 


where nOi = < (m,- (m,- i,)„^ .. (m^,- > 

The set of transform coefficients { A., A . } is called a conjugacy class. A conjugacy 

I 


class consists of a sin^e real— valued element whenever i = n 6 i. 

Let denote the conq>lex space restricted to the real images. It can be shown that 
GWHT is an isomorphism between R* andC^. 

llieorem 2.4.1: Generalized Walshr-Hadamard transform is an isomorjdiism between the 
space of nr^uples ovor K and the subepace, , of complex 8psw:e, €*, restricted to the real 
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imagiBs. 

Proof: Proof follows from the properties of QWHT.0 

Since GWHT is an isomorphian between and €* , the al^bras c£ group G over R 
and are also iromorphic. Let us denote the group algebra cd G over complex field, by 
CGy. Transform vector A € C* is the corresponding element A(X) of CG^ , where 

Br— 1 r— 1 i i 

A(X) = S A.( B X ^ where A € C** and X ® 6 0 , a cyclic group of order m with 

i»0 CM) ' ' “ “a “ 


generator X^. 

We now proceed to discuss the concept of ideal in CG^ [6]. 

''j^ecHrem 2.4.2: In the transform domain, the set of elements (polynomials) of CG^ having 
a common set ci coefficients which are sm^o constitute an ideal in CG^ 

Proof: Let 1 be tire set of polynomials of CG^ which have i^, i^, .., i*^ coefficients as sero, 
where i^, i^, .., i^ € Z^. Fkst we show that I is a sub^up of OG^under addition. 

Let A(X) = X^ “) and B(X) = xS belong to I. i.e., A. = B. 

j«0 ^ o^O ^ j“0 ^ CB«0 ^ ^ 

a— 1 r— 1 j 

= 0 for i € {i„ i„, i }. Also let 0(X) = A(X) + B(X) where 0(X) = S 0.( B X “) . 
^ ^ * j-O ^ <M) 


For any j € {ij, Li i }, C.= A.+ B.= 0 + 0=0. Haice C(X) € L i.e., I is closed under 
1a b ji j j 


addition. Polynomial with all its coefficients as aero is in I which is the identity. The 
inverse of any demoit A(X) in 1 is (— A(X)) which is also in I and associativity axiom is 
also satisfied. Hence I is subgroup of OG^ under addition. 



which means = 0 for all j € {L, i^, -i i^}- i-«* Cj= 0 for all j € {ij, ij, .., i^}. 
i.e. G(X) € I. Hence 1 is an ideal in (X3^.a 


/w. now give the equivalent description /^ minimal ideal, idempot«it and minimal 
idenq>otent in the transform— domain 
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-^ Minima] ideal: The set of elements of CQ^ having a common set of coefficients which are 

non-zero over a single conjugacy class forms a minimal ideal in GG^. 

»— I r— 1 j 

/Idempotent: An dement £(X) = S E.( I X € GO is called an idempotent if it 

j»0 ^ osbO * ^ 

satisfies the following rdationship. 

E..E. = E. (2.4.4) 

"' Minima l idempotent: An element of GG^ is having its coefficients as 1 s over a sin^e 
conjugacy class and all other coefficients as 0 s is a minimal idempotent generator. 

Let t be the number of conjugacy classes in GG^. Denote the element of GG^ which 
is having its coefficients as 1 s over an i^ conjugacy class and other coefficients as 0 s by 
'^E^(X). This E^(X) is nothing but the i^ minimal idempotent geni^ator of the i^ minimal 
-^deal, ^ ^(X) There will be as many minimal ideals as the ntunber of conjugacy 
classes. Therefcnre GG^ can be expressed in the following form as the direct sum of minimal 
ideals. 

y GG^ = < E®(X) > e < E^(X) > ® .. ® < E*"^ (X) > (2.4.5) 

Any other ideal in GG^ can be expressed as a direct sum of subset of these minimal 

ideals. 

The idempotent generators E!'(X) of K. E‘(X) ^ satisfy the following properties: 


. ; j€Z. 

imQ ^ 

(2.4.6) 

- BiBi=0 iifi,k€Z, 

(2.4.7) 

<E‘(X)>n<B'(X)> = 0 ji#j 

(2.4.8) 


Before giving examples to illustrate above concepts, we digress to a discussion the 
expression for the number of conjugacy classes in different real group algebras. 

/ Number of conjugK^ dasses in OG^: 

For the purpose of calculating the number of conjugaqr classes, we shall introduce 
the following artifice which will be helpful. It should be noted that the length of the 
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conjugacy class is either 1 or 2. If a group algebra has s sin^e element conjugacy classes 
and d two element coqjugacy classes, we shall represent the expression for the number of 
conjugacy classes as (s S + d D). The total number can be obtained by putting S = 1 and 
D = 1. If there are two or more cycHc groups, then the number of conjugacy classes b 
obtained as follows: 

1) Sjrmbohcally multiply the expressions corresponding cyclic groups as polynomials 
in S and D. 

2) Evaluate the above polynomial in S and D using the following rules. 

S.S = S.D = D.S = 1 ; D*= 2^^ = D* = 


The reason for the above rule is that the product of two cyclic conjugacy classes 
both of length 2 produces two conjugate classes of abelian group algebra each of length 2. 
In the rest of the cases only one conjugate class will be produced and the length of the 
conjugacy class is the product of the lengths of individual cyclic conjugate classes. In the 
following we ipve closed form eiqiressions for some cases. 

1) When G is a cycUc group of order n 
Number of conjugacy classes (t) = (2S + ((n/2)— 1)D) for n even 

( 2 . 4 . 9 ) 


= (S + ((n— 1)/2)D) for n odd. 


( 2 . 4 . 10 ) 

As explained earher S and D refers to the conjugacy classes of lengths one and two 

respectively. For example, for n = 9, there are 3 conjugacy classes out of which one is of 

length one and the rest four are length 2. 

2) When G is achrect moduct group, *0^ • . •0„ , d (xdet n 

“O “i-l 

1^1 


Number of conjugacy classes (t) s H t. 

i-0 ‘ 


( 2 . 4 . 11 ) 


where t. is the number of conjugacy classes of a component cyclic ^oup 0^. In this 
product substitute Hot D.S = S.D = S.S and 2 for D.D (In general = 2*“^). That gives 
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the number of conjugacy classes in OG^ ■ To illustrate this consider the following example. 
Examine 2.4.1: For G = •C- , t = ? 

t = tjj.tj = (S + D).(S + D) = S.S + 2 S.D + D.D = 1 + 2 + 2 = 6. 

The following interesting theorem may have an important consequence in regard to 
the study of filters. 

UMOxem 2.4.3: For odd m, the number of conjugacy classes in group algebra 00^ of a 
cyclic group of order m^, is same as the number of conjugacy classes in group algebra CG^ 
of group G where G is a direct product group of p cyclic subgroups, each of order m. 

Piroof: Let t^ and t^ denote the number of conjugacy classes in 00^ and OG^ respectively. 
Using (2.4.10), t^= (m^ + l)/2. Let t be the number of conjugacy classes of algebra. 
Using (2.4.11) and binomial expansion, 

t = [S + ((m-l)/2)D]P = £ *‘C. (m‘D)^ ; m' = (m-l)/2 

* 3=0 ^ 

Separating the term corresponding to j = 0 and invoking the rules of evaluation, the above 
e]q>reanon simplifies to 

t = 1 + £ (m'D)^ = 1 + £ (m’D)^ = 1 + (1/2) £ *^C. (m-1)^ 

‘ j-1 •* 3-1 ^ j-1 ^ 

l^ce unng binomial theorem 0. (m— ly = m^, t is givoDi by 

j-0 ^ ' 

t^ = 1 + (m^— 1)/2 = (m** + l)/2 = t^ as required.^ 

In what follows, we comnd^ scnne examples and |pve the characterisation of ideals 
in the form of tables. It is to be noted that ideals in cyclic group algebra OC^ are expressed 
as polynomials in Z. 



26 


Ebcample 2.4.2: n = 8; r=l;t = 6;Z® = l 


Table 2.4.1; Liat of Non— zero Con jugacy Classes along with 
their Minimal Idempotents and the ^General Form of Elements of the 
Corresponding Minimal Ideals in Cg Group Algebra. 


Conjugacy 

Minjirtiil 

Form of elements 

class no. 

idempotent 

of ideal generated 

i 

E?(Z) 

byEf(Z) 

0 

E0(Z)=1 

a" 

0 

1 

EHz)=z + t! 

A Z + A V 

1 1 

2 

3 

E\Z)=zZ\ Z* 
E?(Z)=Z*+ Z* 

A Z2+ aV 

* 1 

A Z»+ A Z« 

3 3 

4 

E*(Z)=Z 

4 


4 3 

Examine 2.4.3: n=:8 ; r=2 ; ni^=2 ; t=6 ; =1 


Table 2.4.2: List of Non— zero Conjugacy Classes along with 
their Minimal Idempotents and the General Form of Elements of the 
Corresponding Minimal Ideals in C^ 9 C^ Groiq> algebra. 


Conjugacy 
class no. / 

Minimal 

idempotent 

Form of elements 
of ideal generated 

i 

E?(X) 

byE?(X) 

0 

E®(X)=1 

✓ 

a 

0 

1 

E W=X^+ XJ 

A X + A*X* 

10 10 

2 

E»(X)=XJ 

aXV 

2 0 

3 

E»(X)=X 

aX 

3 1 

4 

E*(X)=XX+XX» 

A X X +A*X X» 

4 10 4 10 

6 

EHX)=XX2 
' ^ 10 

a X X“ 

S 1 0 
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2.4.4: ii=:32 ; r=l ; t=17 ; Z®* = 1 

Table 2.4.3: List of Non— zero Con jugacy Classes along with 
their Minimal Idempotents and the General Form of Elements of the 
Corresponding Minimal Ideals in C^ Group Algebra. 


Conjugacy 
class no. 

Minimal 

idempotent 

Form of elements 
of ideal generated 

i 

E^(Z) 

by E\Z) 

0 

E0(Z)=1 

/ 

a 

0 

1 

E\Z)=Z + Z®i 

A Z + A*Z®» 

1 1 

2 

E®(Z)=Z®+ Z®® 

AZ®+ A*Z®® 

3 3 

3 

E®(Z)=Z®+ Z” 

AZ® + A*Z” 

3 3 

4 

E*(Z)=Z®+Z®« 

A Z® + A*Z“ 

4 4 

3 

E®(Z)=Z®+ Z^ 

A Z® + A*Z®^ 

5 1 

6 

E<‘(Z)=Z«+ Z” 

AZ«+A*Z®« 

S 0 

7 

E7(Z)=Z7+ Z“ 

A Z®+ A*Z®® 

7 7 

3 

E®(Z)=Z«+ Z®* 

A Z*+ A*Z®® 

8 8 

9 

E*(Z)=Z*+Z®® 

A Z»+ A*Z®® 

9 8 

10 

E“(Z)=Z“+Z®® 

A Z“+ A* Z” 

10 10 

11 

E“(Z)=Z‘M-Z®i 

A Z“ + A* Z“ 

U 11 

12 

E“(Z)=Z“+Z” 

A Z«+A*Z” 

12 12 

13 

E“(Z)=Z“+Z“ 

A Z“+ A*Z“ 

13 13 

j|l 

14 

E“(Z)=Z»*+Z“ 

A Z“+A Z“ 

14 14 

3k 

15 

(«(Z)=Z“+Z^^ 

A Z“ + A Z^^ 

15 IS 

16 

E“(Z)=Z“ 

Z“ 

10 
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cample 2.4.5: n=32 ; r=2 ; m =4, m =8 ; t=18 ; = X* = 1 

0 1 * ’ 0 1 


Table 2.4.1: List of Non— zero Conjugacy Classes along with 
their Minimal Idempotents and the General Form of Elements of the 
Corresponding Minimal Ideals in C^ ® C^ Group Algebra. 


Conjugacy 
class no. 

Minimal 

idempotent 

Form of elements 
of ideal 

i 

E<(X) 

< E^X) > 

0 

E?(X)=1 

✓ 

a 

0 

1 

E‘(X)=X^+ XJ 

A X + AX® 

10 10 

2 

E\X)=Xl 

a'X® 

2 0 

3 

E3(X)=X + XJ 

A X + A X^ 

3 1 1 1 

4 

E<(X)=X X + X^X® 

A X X + A X^X® 

4 10 4 10 

5 

E®(X)=X X®+ X^X® 

A X X®+ A*X^X® 

5 10 1 1 0 

A X®+ A X® 

6 1 6 1 

6 

E«(X)=XJ+ X« 

7 

E7(X)=X®X + X«X» 

A X®X +A*X«X» 

7 10 7 10 

8 

E«(X)=X®X®+ X«X® 

A x®x®+ aVx® 

8 10 1 1 0 

A X®+ A X® 

9 1 ^1 

9 

E«(X)=XJ+ X« 

10 

E“(X)=X»X + X®X® 

^ 10 10 

A X»X+A X®X® 

10 1 0 1 0 

11 

E“(X)=X®X®+X®X® 

A X®X®+A X«X® 

11 1 0 11 1 0 

12 

E“(X)=XJ 

a' X® 

12 1 ^ 

13 

E«(X)=X*X + X*X« 

A X*X +A X*X» 

13 10 13 1 0 

14 

Ei*(X)=X*X® 

a X*X® 

14 1 ^0 

15 

E‘®(X)=X«X + X®X® 

A X®X +A X®X® 

15 1 0 15 1 0 

16 

E«'(X)=X«X + X®X® 

A X«X +A* X®X® 

16 1 0 6 1 0 

17 

E‘TO=X7X + X X® 

^ 1 0 1 0 

A X^X +A XX® 

17 1 0 17 1 0 
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^2.5 Transform Domain Classification of P-I Filters 

In this section, we ]»esent the transform— domain classification of abelian P—1 filters 
and cyclic P— I filters based on ideals in their respective group algebras. First we start with 
abelian P— I filters. 

In the tramform— domain, abelian P— I filter modifies the spectrum of an input 
signal as given below 

- B = S.A. (2.5.1) 

tit 

IGWHT IGWHT IGWHT 

where B i b, S * s and A a. 

roWHT PGWHT tGWHT 

Any abelian P— I filter vector, S 6 can be interpreted as a linear combination of 
vectors which are non— sero over a nngle conjugacy daas. Let denote a vector which is 
non— zero over an i^ conjugacy class. As there are t conjugacy classes S can be represented 
as 

' S = S® + S* + ... + S*-‘ (2.6.2) 

These o are nothing but the elements of minimal ideals generated by £^(X). 
Therefore, transform of an abelian P— I filter vector can be interpreted aa direct sum of 
component vectors of minimal ideals and the set of abelian P— I filters whose transform 
vectors have zeros at a common set of locabicms forms an ideal in abelian group algelura. 

J Remark 2.5.1: If the transform vector d an abelian P— I filter is a binary valued (0 or 1) 
vector then that abelian P— I filter can be interpreted as an idempotent. 

-^Exam]de 2.5.1: n =s 8 ; r s= 2 ; m^ss 4, mj= 2, t = 6 

General form of abdian P-d filter vector is S ~ Aj A^ A^ a^ A^) 

Let S = S® + SV + + S® + S* + S® where 

S® = (^ 0 0 0 0 0 0 0) ; S®(X) = 

S^ = (0 Aj 0 A* 0 0 0 0) ; S^(X) = A^Xjj + A^^ 
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S^ = (0 0 0 0 0 0 0) : S^(X) = a2Xj 

S®=(0 0 0 0 0 0 0) ; S^(X) = agXj 

S* = (0 0 0 0 0 0 A*) ; S*(X) = A^XjX^, + A^XJ 

S® = (0 00000a^0); S®(X) = a^XjXj 

S*(X) u a general element of the m i n i ma l ideal generated by an i*^ idempotent 
generator. 

For this example, we now illustrate how an abelizm P— >1 filter can be interpreted as 
an idempotent. The minimal idempotent generators are 

E°=(100000000) 

Ei=(0 101 000 00) 

E^OO 1000000) 

E*=(0 0 0 0 1 0 0 0 0) 

E*=(000000101) 

E®=(00000 0010). 

Any binary valued tramform vector of an abelian P—I filter is a combination of Ef . 

We now take up the classification of cyclic P—1 filters based on ideals in cyclic group 
algebra. In the transform— domain, a cyclic P—1 filter modifies the DFT spectrum of an 
input sigoal in acc(»rdance with the following equation 

B.= S.. A. (2.5.3) 

IDPT IDFT IDPT 

where B » b, S » s and A ■ ■ * a 

PDFT tDFT IpDFT 

The filter vector can be interpreted as direct sum of component vectors the 
TniTtimiil ideals of cyclic f^oup algebra CX7^ and the set cyclic filtm whose DFT vectors 
have sero-^alued components at a common set of locations is an ideal. Here also, a cyclic 
filter whose transform vector is a binary valued vector is an idempotent. 
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Example 2.5.2: n=:8;r=:l;t=:5 

General form of cyclic P— I filter vector is S = (^ Aj Ag Ag Ag Aj) 

Let S = S® + S‘ + + S* where 

S® = (i:g 0 0 0 0 0 0 0) ; S®(Z) = *;g 

= (0 Aj 0 0 0 0 0 A*) : S^(Z) = AjZ + A^^ 

S2 = (0 0 Ag 0 0 0 aJo) ; S^CZ) = A/ + A^Z® 

S® = (0 0 0 Ag 0 Ag 0 0) ; S®(Z) = AgZ® + AgZ® 

S* = (0 0 0 0 aj 0 0 0) ; S*(Z) = a^Z^ 

^(Z) is a general element of the minimal ideal generated by i^ idempotent 
generator. 

For this example, we now illustrate how a cyclic P—1 filter can be interpreted as an 
idempotent. The minimal idempotent generators are 

EP = (10000000) 

= (0 1 0 0 0 0 0 1 ) 

E“, (00100010) 

E» = (0 001010 0) 

E*=(00001000) 

Any binary valued transform vector of a cyclic P—1 filter is a combination of 



CHAPTERS 

CHARACTERIZATION OF 
CYCLICALLY CLOSED ABELIAN P-I FHiTERS 


So far, we have discussed clasmfication of P— I filters based on the ideals in group 
algebra. Ooiwequently, cyclic P— I filters belong to the ideals in cyclic group algebra and 
abeliaua P— I filters belong to the ideals in abehan group algebra. Here, we present an 
important work of this thesis. We consider the characterization of P— I filters that have the 
structures of both cyclic as well as abelian filters inherently. Such P— I filters are closed 
under both cyclic and abelian permutations. We call this type of P—l filters as cyclically 
closed abelian P-1 filters. MRX mapping between abelian and cychc group algebras 
provides a basis for the characterization of these filters. Whenever the dimension of a P— I 
filter is a product of pairwise relatively prime integers, we consider the mapping based on 
CRT also and ^ow that under this mapping any cyclic P— I filter can be realized 
equivalently as an abelian P— I filter. In what follows, we discuss the significance of this 
study in the implementation cyclic P-I filters. 

Concurrency or paralleliran inherent to the structure of abehan class of P—l filters is 

more than that of cychc class of P— I filters [1]. Thwefore this can be oqiloited in the 

abehan P— I filter implementation of a cyclic P-I filter, in applications such as real-time 

d^gnal procesnng where hi^ computational throu^put is required. And also, the 

transform-domain implem^tation of a cychc P-I filter u^g GWHT requires lesser 

memory space than that is required for DFT. For example, to implement a cychc P-1 filter 

of length n, if we me DFT it requires n^ memory locations for storing transform matrix, 

whereas, QWHT, with factors m. requires S m? memmy locations which is far lesser than 

\ \ 

that DFT. Apart firom these two advantages this study answered the questions like, by 
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using QWHT, is it possible to extract all the features those can be extracted by using DFT 
? , if not all, then what are those cyclic features that GWHT can extract ? . 

The problem is approached as follows. For a ^ven class of abelian P— I filters, we 
characterize all the elements of abelian group algebra whose cycUc permutations are same 
as the corresponding abelian permutations. This correspondence is established on the basis 
of MRX mapping. Because of the necessity that these elements should belong to the ideals 
of abelian group algebra that are closed under cychc permutations, firstly, we completely 
characterize all the ideals that are closed under cychc permutations in the abehan group 
algebra. The converse of the above that whether any element of a cychcally closed abelian 
ideal is also a cychcally closed abehan P—I filter, may not be true always. This fact will be 
iUustrated later with reasons. Secondly, since all the elements of cyclically closed ideals in 
abehan group algebra need not have the property that the effect of cydic permutatiozss are 
same as that of abehan permutations, we characterize all those elements which are 
cychcally closed abehan P— I filters. 

The organization of this chapter is as follows. In Section 3.1, we describe cychcally 
closed abehan P— I filters. In Section 3.2, we interpret cyclically closed abehan P— I filters 
as elements of cychcally closed ideals in abehan group algebra. In Section 3.3, a theorem 
concerning the characterization of ideals in abehan group algebra that are closed under 
cychc permutations is given. In Section 3.4, characterization of cychcally closed abehan 
P— I fiilters of a class of abehan P— I filters is presented in the form of a theorem. In Section 
3.5, transform domain characterization of cyclically closed abehan filters of a dass of 
abehan filters is given. In Section 3.6, the notion of a 2— D P— I filter is explained along witibi 
a procedure for identifying 2— D cychcally closed abehan filters. Finally in Section 3.7, we 
consider c]n:hc mappingii based on CRT and show that under tins maj^ing cydic and 
abehan group algebras are isomorphic and that a qrdic P— I filter whose dimeission is a 
product of pairwise rdatively fuime int^ers can be realized as an equivrdent abehan P—I 
filter. 
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3. 1 Cyclically Closed Abelian P-I Filters 

In what follows, the concept of a cyclically closed daelian P—1 filter is explained by 
means of an example. 

Let us consider a P— I filter defined with respect to the cyclic permutation group 
POg of order 8 and another with reject to an abelian permutation group PGg , which is 
defined with respect to the mixed-radix set M = { m^=: 4 , m^= 2 }, of order 8. The former 
filter is represented by an 8 x 8 matrix and the latter by another 8x8 matrix S^. 

Consider a vector s = (s^^ s^ s^ Sg s^ s^ s^ s^ € R® to represent aero**" column of 
and . 

Any colunm of , (k € Zg), is obtained by applying k*^ permutation, p^, , of 
POg to 5 as given below. 

i>kW = (»o,kV" 

where ( i6k ) is (i-k) modulo 8. 

La a similar manner, the k^ column of is obtained by applying k*^ permutation, 
p^ of PQg to 5 as shown below. 

PkW = ( V V ■■■ V ■■■ V ^ 

where i0k = < (i^- k^)^ (ij. >. 

Consider a vector of form (aj^000a^000)6l^. For this, we write the P— I 
filter matrices and , using the above (3.1.1) and (3.1.2). 



OOOa^OOO' 

aj 0 0 0 a^ 0 0 

0 aj 0 0 0 a^ 0 

0 0 aj 0 0 0 a^ 

0 0 0 aj 0 0 0 

a^ 0 0 0 a^ 0 0 

0 aj 0 0 0 aj 0 

0 0 a„ 0 0 0 a. 
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ajOOOajOOO 
OajOOOajOO 
OOajOOOajjO 
OOOajOOOa^ 

S^,= a^OOOajOOO 
Oa^OOOajOO 
OOa^OOOajO 

0 0 0 0 0 0 aj 

It can be seen from the above that both and are identical. Therefore, other 
columns of any abehan P—1 filter matrix with the zero^ column of the above type can be 
obtained by applying permutations belonging to either GOg or CGg ■ That means this 
abehan P—1 filter is also closed under the permutations of CCg ■ Hence, this type of filters 
are called CycKcaUy closed aleUan P—I fibers. We now formally define cycUcally closed 
abehan P— I system. 

Definition 3.1.1: A system, T, which is defined invariant relative to a pair of cychc 
transitive abelian permutation group, PC, of degree n and a transitive abdian permutation 
group, PQ, of degree n, whose elements, pj^ , k € , are being spedfied by the 

mixed-radix set {m^, m^,.., is characterized by either of the foUowing convolutional 

relationships. 

H— 1 

b. = S s. . a. (3.1.1) 

‘ j-0 ^ J ^ ^ 

w)»re iej = < (i, - (i, - j,)^- > 

Alternatively, (3.1.1) can also be e:q>ressed in the form of matrix-equation as 

b = Sa (3.1.2) 

where a and b are nxl matrices and S is nxn matrix. Elements of S are given by 

(3.U) 


where i0j is as defined above. 



36 


where a € and s € 


a— 1 

h* S S/* •\ j a* 
1 (i-j)inoda j 


(3.1.4) 


Alternatively, (3.1.4) can also be expressed in the form of matrix— equation as 

b=Sa (3-1.6) 

where S is nxn matrix whose elements are i^ven by 

Sy-Vj)«od. 

Let us denote the system which is defined invariant relative to both cyclic and 
abelian permutation ' ~ . groups of degree n by T . As the intern, T , maps the 

space of real n-tuples, 1^, into the space of real n— tuples, in which each of the n— tuples is 
a linear combination of the column vectors of S, the output signal space of the syston T is 
closed under cyclic permutations of PC as well as abelian permutations of PG. Let us 
denote the subspace of R’’^ closed under both cyclic as well as abelian permutations by R^ . 
In this context, the i^rstem, , which is a mapping from iP into Bubiq>ace R^ is called a 
cyclically closed abelian P— I filter. We now formally define cyclically closed abeUan P— I 


filter. 


Definition 3-1.2: A cyclically closed abelian P— I filter can be defined as a system T , 

c 

which miqx the space of real n-^uples, 1^, into a linear subspace of 1^ which is closed 
under both cyclic permutations as well as abelian permutations belonipng to PQ and its 
input— output relationship is characterized either by (3.1.1) or by (3.1.4). 

This cyclically dosed abelian P—1 filter k said to be minimally cycKcally closed 
abelian P—I fdUr if its output signal iq>ace does not contain any proper subspaces closed 
under both cyclic permutations as well as abeUan permutations. Figure 3.1.1 r^resents the 
sample domain interpretations of cyclically closed abelian P—1 filter. 

We now prove a lemma which will be used latra. 

Lemma 3.1.1: For a cydically dosed abdian P—I filter = 0 , where and are 

the cyclic and abelian P—I matrices assodabed with the filter. 
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Figure 3.i.i.b Figure S.i.i.c 


Figure 3.i.i 

Saniple Domain friterpretations of Cyclically Closed Abelian P-I Filta^ 
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Proof: Let s denote the unit— eample response of a cyclically closed abelian P— I filter. Any 
i j th element of S„ is (S^). . = s.. . and that of S* is (S*). . = s. . . If an abehan P— I 

filter represented by is invariant relative to PC then, any element of the matrix 
should be (S^)j ^ = s^. ^ which is (Sq)j j • Therefore for a cychcally closed abeUan P— I 

®(i-j)mod a = % ® ° 

hi the following section, we interpret cyclically closed abehan P— I filters as elements 
of cychcally closed ideals in abehan group algebra. 

3.2 Cyclically Closed Abelian P-I Filters as Elements of Cyclically 
Closed Abelian Ideals 

To explain about an ideal in abelian group algebra closed imder cychc permutations 

first we comider the interpretation of the operation of permutation on a vector as a 

multiphcation of an element of a group algebra by a group element. 

Let us consider a vector a = (a^^ a^ .. a^ .. a .. .. a^ 6 1^ . Comider 

a— 1 

a(X) = S as the element corre^onding to a in group algebra RG of group G, whose 
is»0 * 

element X* is indexed with reject to the mixed-radix set M = { m^ m^ ... } as 

X* = X < X ... x.^ x„ = H X “ where i is the index of i with respect to the 
*^2 1 0 ^ a a 

mixedr^adix m^ in the mixed— radix rq>resentation of i with respect to the mixed-radix 
set M = { m^ m^ ... }. 

Let PG be the transitive abehan permutation group defined with re^ct to the 
mixed-radix set M. Denote an element bdonging to PG by p^ . 

Now we conmder the effect of a permutation belon^ng to PG on a. An dement pj^ , 
k € Z , permutes a into 

»=(•(, *1 "5 "!+k •• \_l ) 

PkW = { ■■ *0 ■■ “i \-l,k ^ 


( 3 . 2 . 1 ) 

( 3 . 2 . 2 ) 
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The corresponding element of RQ u 

(3.2.3) 

i-0 

Since X*"*"*^ = (3.2.3) can be written as 

p, (a(X)) = Y a-X^X*^ = XVX) ; X*^ 6 G. (3.2.4) 

‘ i=0 * 

Therefore permuting an element a with Pj^ of PG is equivalent to multiplying the 
corresponding group algebra element with X^ of poup G. 

After having interpreted permutation as multiphcation of a group element, now, 
we explain about cyclically closed ideal in group algebra as follows. 

Cyclic permuted version of a vector can be obtained by treating it as a cyclic group 
algebra element and then multiplying it with a cychc group element. Likewise its abelian 
permuted version can be obtained by treating it as an abelian group algebra element and 
then multiplying it with an abelian group element. Under mixedr-radix (MRX) meq>ping X^ 
is mapped into , where X^ and are elements of abelian group and cychc group 
respectively. If a(X) is an element c£ an ideal in abehan group algebra RG, then all X^a(X) 
belong to this ideal. Now consider a(Z) obtained by applying MRX mapping to a(X). 
Ocmsider the set of all Z^a(Z) ; k € Z^. This set f(xms an ideal in cychc group algebra CG. 
Therefore this set is a cychc ideal. Apply inverse MRX mapping to this set. If all the 
elements of this set belong to the ideal in abdian group algebra, then we call such an ideal 
as cychcally closed abehan ideal. This ideal is called minimally (^clically closed abehan 
ideal if it does not contain any sub ideals that are closed undo: both cychc as weU as 
abehan permutations. A space of n-4uples closed under both cychc as well as abehan 
permutations forms a cychcally closed abehan ideal in a group algebra. For a vector a 
whose abehan permutation is same as cychc p^mutatimi, multiplying abelian groiq> 
algebra element, a(X), with X^ is same as multiplying (^dic group algebra element, a(Z) 
with Z^. 

Since the output signal space of a cychcally closed abehan P—1 filter has the 



39 


structure of cyclically closed abdian ideal, it csm be interpreted in the following ways. 

1) A cyclically closed abelian P— I filter is a mapping that mt^ any element of 
abelian group algebra RQ into an element of a cyclically closed abelian ideal in RG and its 
input-output relationship is ^ven by 

b(X) = a(X) .(X) mod (XT' - 1), (X^ - 1), (x“^' - 1) 

(3.2.6) 

where a(X), b(X) and s(X) are input, output and filter's unit-sample re^ome dements 
respectivdy. 

2) A cyclically dosed abelian P— I filter is a mapping that maps any element of 
cycUc group algebra RO into an dement of a cydically closed abelian ideal in CQ and its 
input— output rdationship is pven by 

b(Z) = a(Z) s(Z) mod (Z* - 1) (3-2.6) 

where a(Z), b(Z) and s(Z) are input, output and filter's unit-sample response dements 
respectively. 

The fact that, the effects of cyclic permutations on unit-sample response vectors of 
cyclically dosed abelian P— I filters are same as abelian permutations, these vectors should 
necessarily belong to cyclically closed abdian ideak. Therefore, cyclically dosed abelian 
P— I filters can be interpreted as elements of cyclically closed abelian ideals. But, the 
converse that whether an dement of a cyclically dosed abelian ideal is also a cyclically 
dosed abelian P—1 filter, is not always true. This will be explained in Section 8.4. In the 
following section, we list out all cyclically closed ideals in abelian group algebra in the form 
of a theorem. 

3.3 Identification of Cyclically Closed Ideals in Abelian Group 
Algebra 

In Section 3.2 we have explained the meaning of a cyclically closed ideal in the 
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abelian group algebra. The relevant mapping is based on a mixed-^adix system consisting 
of mixed radices corresponding to orders oi component cyclic groups in the direct product 
G (abbreviated MRX mapping). Under this mapping 'g* e G, an abehan grotqp order 
n, is mapped to a corresponding element of G that is associated with that particular 
element of that corresponds to the mixed-radix di^t representation of 'g' and by 
linearity this notimi is extended to MRX mapping of an element of the group algebra. 
Unlike the CRT mapping (which requires the component cyclic groiqw orders to be 
mutually prime ) this mapping is possible in any general abehan group algebra. Now we 
take up the characterization and identification of such cychc abehan codes under MRX 
mapping [7]. 

First we consider an useful lenuna based on the linearity of the MRX mapping that 
shows that given two ideals cychc under MRX m£q>ping then their sum is also cychc tmder 
MRX mapping. This lemma amplifies the proof considerably in that it is enou^ to show 
some basic ideals are cychc and the remaining cychc ideals can be obtained as sums of 
these basic ideals. The lemma is proved for any general linear mapping 't* and therefore in 
particular for MRX mapping. 

Lemma 3.3.1: If and 0^ are cychcally closed ideals in an abehan group algebra under 

some linear mapping * t then ' 0^ + ' is also cychcally closed under * t 

Float Any element of Cj + Cj is erf form a Cj + b c^ where Cj € 0^ , c^ € Cj. Let z(a) 

denote cychc shift of a by one place, (a), denote i*^ bit of a. 

i 

Smee 't* is a linear mapping 

t( acj + b Cj ) = at( Cj )+ b t( Cj ) 

(z(t( a Cj + b Cj ))). = (a t( Cj )+ b t( Cj ^ 

= (z(a t( Cj ))). + (z(b t( Cj ))). 

By hyperfheris z(a t( c^ )) € 0^ and z(b t( c^ )) € Therefore their sum belongs to 
Oj + G 2.0 



41 


For the purpose of characterization of an abeli 2 m cyclic ideal, it is advantageous to 
introduce the notion of a cycUc ideal being minimally cyclic under MRX mapping. This 
should not be confused with the notion of a minimal ideal of an abelian group algebra. A 
minimally cychc ideal may be a minimal or a non— minimal ideal of the abelian group 
algebra. This notion facilitates a different way of proving the characterization theorems 
^ven in [7]. Using this approach some fallacies in the proof ^ven by [7] can also be taken 
care of. A formal definition can be ^ven as follows: 

Definition 3.3.1: An ideal M is said to be minima^ cyclic under MRX mapping if it is 
cyclic and there exists no nontrivial sub ideal N of M that is cychc under MRX moping. 

One immediate consequence is the following lemma which will be useful later. 

Lemma 3.3.2: Suppose RG can be written as a direct sum of the following minimally cyclic 
ideals as shown below: 

RG = <Mj> ® <M2> ® ... ® <M^> 

Consider two non-minimal ideals, say M. and M^. Suppose N. and be any sub ideals of 
M. and M. respectively. Then N. ®N. is not cyclic under MRX mapping. 

Proof: We prove the lemma by contradiction. Suppose N. ® is cyclic. Since M. = N. ® 
is cyclic, it follows firom Lemma 3.3.1 that the sum of this ideal with the ideal N. ® N^, 
i.e., N. ® ® Nj = Mj ® N^, is cychc. Since M. is cychc, this imphes that Nj is cydic. This 

contradicts the minimahty M^. Therefore N. ® can not be cychc under MRX 
mapping.a 

Remark 3.3.1: From above Lemmas 3.3.1 and 3.3.2 it is enough to find a direct sum 
decompositimi of RG in terms of minimally cyclic ideals in order to characterize all the 
cychc ideals in the abelian group algebra. For any nontrivial sub ideal or sum of nontrivial 
sub ideals minimally cyclic ideab can not be cychc according to Lemma 3.3.2. And once 
minimally cychc ideals are known, any other cyclic abelian ideal can be obtained as sum 
these mimmally cychc ideals according to Lemma 3.3.1. 

We shall first consider when G is direct product of two cychc groups. Ouce the basic 
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arguments are clearly understood it is easy to prove the residts more generally for the case 
when G is direct product of r cyclic groups. 

Notations: RG denotes an abelian group algebra of group G where G = ® 

r-1 i 

’ ^m. ^ * <^clic group of order m. with generator x.. We shzJl represent II x 

concisely by X*, where H* is the mixed— radix representation of < i^, ij, i^j^ > w.r.t 
mixed— radix indices m^, m^, ... , represent the polynomial 

corresponding to cyclic shifted vector of a(X) by k places. A minimal idempotent in the 
HC^ algebra is denoted by tf(x^) and the ideal generated by it is denoted by <^x.)> and, 

in particular nunimal ideal is denoted by < >• Let represent the 

idempotent consisting of all the elements of the group 0 each with the coefficient 1/n. 

X 

A 

For example, Rq(x) in RO^ algebra gen^ated by x, is given by 1/3(1 + x + x ). Number of 
conjugate classes in the B.0^ algebra is denoted by t.. B^(3c) is taken as t^^ ideal of BG^ 


algebra. 

i— 1 

Let M. = 1 and M. = 11 m. , for k = 1 to r-1. Then MRX to cyclic mi^ping is 
^ * k=0 * 

“k 

^ven by Xj^ — z , for k = 0 to r— 1. In particular, fw r = 2 case, MRX to cyclic 

“o 

mapping is ^ven by x^ — z and Xj — z . 

Theorem 3.3.1: An abelian group algebra RG with G = can be decomposed 


into a direct sum of minimally cyclic ideals as foUows: 

RG = <«p(xj)> ®<tfj(xj)> ®...©<^^^_j(xj)> ® 

Any cyclic ideal und^ MRX mapping can be obtained as a sum of a subset of min i m al ly 
cyclic ideals in the above direct sum. 

Proof: We first show that every ideal in the direct sum decomposition gjven above is 
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cyclic. For this purpose we need the following equation from [7]. 

k—l 

■Vx,,*.)] - 4 .(vi) - I { > =4 4 


(3.3.1) 


For an ideal of the form <A(x.,)>, its structure implies that = a 6 R ; 

otherwise = 0. For k = 1 to niQ—l, H‘ part of equation (3 3-1) is in the range 1 to 
m^— 1 and therefore we have s^A,(Xj)] = x^ Since x| ^j(Xj) = ® similar 

structure to ^.(Xj), it follows that z^^(Xj)] = x^ ^(Xj). Consequently z^tf.(Xj)] = 
A(Xj) for k = 0 to m^mj— 1. Now any other element a € <A(Xj)> can be expressed as 
appropriate linear combinations of » which we also z^A(Xj)], for k = 0 to 

m^m^— 1 and therefore z(a) € <fl.(Xj)>. 

For an ideal of the form <tf.(xQ)RQ(xp>, the structure of its idempotent a implies 
that a . . = a , j ^ j’. Therefore from equation (3.3.1) we have z^^.(x*) R, .(xjj = xl; 

J V U 1 U 

^jCxq) RqCxi), for k = 1 to mjj-1. Since xj Rq(Xj) = R^j(Xj) we have z^A(Xj)] 
= X^ for k = 0 to m^m^^— 1. Now arguing as above it can be shown that <B^{x^ 

Rjj(Xj)> is cyclic. 

In order to prove the theorem as explained in Remark 3.3.1 We have to show that 
each M. is minimally cyclic. Th^e are both ideak of fcxrm <A(x^R^(x^)> and <^. (xi)>. 
Ideals of form <^.(xq)Rq(x^)> are easily seen to be minimal ideals of RG algebra. 
Therefore no nontrivial sub ideals can be consider^ in this case and cons^uently these 
ideals are minimally cyclic. Ideals of form <d.(xj)>, however, may contain a nontrivial sub 
ideal. Let M be any nontrivial sub ideal of < B^{x^> that is cyclic under MRX mapping. 
We now deduce that such an ideal M is notiiing but <B^(x^> itself. Suppose m(xQ,x^) be 
the idempotent goierator of M. l^en from equalaon (3.3.1) 

z(m(xQ,Xi)) -Xom(xQ,Xj) = m(Xj) 

It will now be shown using the transform theory approach that m(x^) is 0. Since the 
nonzeroB of the ideal <Bpc^> are of the form (Xj^+Xj“*"^)Rq(Xq), the nonzeros of m(Xj) € 
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<tf(Xj)> will abo have this structure. On the other hand the nonzeros of M, a sub ideal of 
<0{x^>, does not have a similar structure and therefore at least one conjugate class from 
is absent in the nonsraros of M. Let the zero positions of this conjugate 
class correspond to positions and As m(xj) e M, by hypothesis, its 

spectrum should have zeros in these positions. Since the nonzeros of m(Xj) are also of the 
form (Xj^Xj“*"^R^(Xq), the only way to satisfy these two conflicting conditions is to take 
m(Xj) = 0. This implies that m^^ n— 1> ” n— 1> ^ ^ i- Repeating the above 

arguments for the case z^(m(x^,Xj)) — XQ^m(xjj,Xj), for j = 2 to mj— 1, it can be proved that 
m^. for j= 1 to nr-l and i # i*. 

If not all of m^. ^^‘s is zero, then m(xQ,Xj) = ni'(Xp) Rq(xj) + m’(Xj^). Since m’(Xjj) 
Rq(Xj) belongs to some ideal of form <f(Xjj)R^(Xj)>, which is orthogonal to M C <0^{x^>, 
it follows that m'(xQ) is zero. Since <6pc^> corresponds to a minimal ideal of RO^ 

algebra, m'(x^) should be equal to 6,(x^. Consequently, M is equal to <d^(x^> and 
therefore ideal < ^-(x. )> is minimally cyclically closed under MRX m{q>ping.a 

The following theorem considers the case whm Q is direct product of r cyclic 
groups. 

Theorem 3.3.2: An abelian group algebra RQ with 0 = 0 90 9...9 0 can be 

0 1 

decomposed into a direct sum of minimedly cyclic ideals as follows: 

where each group can further be decomposed into 

= j(J) « (k = 1 to r-1) 


L = ® ®y RqCXj) 

0 ^ 


where each is an ideal of the form <fl.(xj^) 11 Rq(xP> and t^^ ideal is Rq(xj^ in the 

J®® k ^ 1 

RO^ algebra. Any cyclic ideal imder MRX mapping can be obtained as a sum a subset 
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of minima l l y cyclic ideals in the above direct sum. 

I^oof: We prove the theorem by the method of induction on the number of cyclic groups 
V. It is trivial for r = 1 and true for r = 2 from Theorem (3.3.1). Suppose it is true upto 
(r-l) . This implies that ideab that are minimally cyclic in group algebra EG’ where G’ = 

are: 

0 1 P-2 


r — 1 

1 ) Ideals of the form < tf(xj 11 Rjj(x.)>, for k = 0 to r-3. 

i-k +1 ” ^ 

2 ) Ideals of the form <^x^ 2 )>. 

In the case of G = G’ ® any ideal in the groups 1 ^ to I^j ®*'® form 

<tf(X’)RQ(x^j)>, where <tf(X')> is a minimally cyclic ideal from RG*. For any a(X) € 
<tf(X')R^j(x^j)>, since Allows that a(X) = a(X’)RQ(x^j), 

where a(X’) € <^X')>. In other words, the ideal <^X*)Rq(Xj^j)> of RG is the ideal 

j 

<d(X’)> of RG’ repeated times. Because of this (X’ a(X’)) = b(X’)Rjj(x^j), where 
X’ € G’, which can also be written as z^[a(X’)]RQ(x^j) since <d(X’)> is cyclic. Prom this 
it follows that <tf(X’)RQ(x^j)> is cyclic. %nce <tf(X’)> is minimally cyclic ideal by 
induction assumption, it follows that the ideals in the group 1 ^ to 1 ^^ are minimally cyclic. 

It remains to prove that the ideals of the form ar® minimally cyclic. 

First we shall show that this type of ideal is cyclic. Structure of the idempotent 
implies that ^ *p-l - otherwise tf.= 0 , where < i^^ , 

i ^2 I •" > ^0 “ ^^® mixed-^radix representation of ’ i ' w.r.t. moduli m^, 

Because of this structure of the idempotent nonzero positions of (X’0(x^j^)) and 

and its corresponding cyclic shift z'[d( Xj^j)] tally and therefore (X*fl(x^j^)) = z'[^ 
for i = 0 to n — 1 (jGj = n). Prom this it can be shown that <^x^j)> is cyclic as in 
Theorem 3.3.1. 

We now diow that the ideals of the form <^x^^)> are minimally cyclic under 
MRX mapping. H possible A C <^x^j)>, any nontrivial sub ideal, be cyclic under MRX 
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mapping. Let a(X) be the idempotent generator of ideal A. Our strategy is to show that 
XQa(X) is same as z'[a(X)] for i = 1 to This implies that X*a(X) is same as that of 

i . 

z [a(X)] for i = 0 to n-l, where n = II m, is the order of G. From this the structure of 

k=0 

a(X) can be known which will be later on used to show that < is minimally cyclic. 

Now to prove first z[a(X)] = XQa(X), we introduce auxiliary polynomiab bP(X) to a*~^(X) 
derived from a(X) as follows: 


»l»(X)] - X(|n(X) = a'’(XjpCj,...,x^j) = a^X) 

(3.3.2) 

.“*[a»(X)l - x/(X) = a‘(xj..... x^,) = a‘(X) 

(3.3.3) 

In general for i = 0 to r— 2 we have 


z\^‘(X)) - x^a^-'CX) = a‘(x,+,.-.x^l) = a‘(X) 

(3.3.4) 

Finally for i = r^2 we have 


zMa‘^(X)] - = a'-’(x^,). 

(3.3.6) 


Note that in the above equations x^^), for i = 0 to r— 2, has nonzero 

locations only among the coordinates spanned by Q* = C *0 •...•0 Now we 

1+1 1+2 r — 1 

4 0 I !2 T » 

show that each of these polynomials a''(X} to a (X) to be zero. Let us start from a (X) 

which is of the form a (x^^). By a spectral argument similar to the one used in Theorem 

3.3.1, a*”^(x^j) is seen to be zero. Similarly when b*^(X) = is used in place 

of a^'(X) in (3.3.4) , we get, say b (x^^), which again by zpectral argument can be 

shown to be zero. Continuing in this fashion m^^— 1 times, it can be deduced that a^’(X) 

has the form a(x^ 2 )EQ(x^j). Since this bdongs to an ideal of the form <f(Xj^ 2 )R^(x^j)> 

which is orthogonal to A C <^x^j^)>, it follows that a^’(X) is equal to zero. This implies 

using (3.3.3), for i = r-3 

Now we show a'^(X) to be zero. Ae before using b^(X) = x^a'~'(X) in place of 
a'~^(X) in 3.3.3, for i = r-3, results in a polynomial a'(X) that can be easUy shown to 
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belong to the ideal of the form invoking the orthogonality of this 

ideal with A C a'(X) is seen to be zero. Therefore x^_^a*^(X) = 

z [a' (X)] . In a similar way it can be proved that 

k M 

xJ_^a*^(X) = z ^'^Ia^"*(X)] , for k = 1 to -1 
This implies a’^fX) to be cyclic among the coordinates G” = C x C x 0 

m A ^ A ^ 4 

P-5 P-2 r— 1 

Consequently a*^(X) is of the form a(x^^__^RQ(x^2)®'Q(*j_i) which belongs to an ideal 
orthogonal to ideal A. Therefore a^(X) is zero. Continuing in this way it can be shown 
successively that a*^(X), and so on up to a®(X) are all zero polynomials , and finally we 
have z[a(X)] = (x^ a(X)). Arguing on similar lines it can be shown that z*[a(X)] = (x^ 
a(X)) for i = 1 to 

1—1 

Now all these results imply that the structure of a(X) = a^x^) H Rq(X]j) + a(X'), 

ksl 

where a(X') is among the coordinates spanned by C Ci..9C . By orthogonal property 

“p-i 

again a(xQ) ^ 0. Since a(X') is an idempotent in the group algebra conajsting of direct 
product of r— 1 cyclic groups, invoking the induction assumption the structure of the 
idempotent a(X’) is known. Again using the orthogonal property it can be seen that a(X') 
= f(x^j). Since is minimal it follows that a(X) = f(Xj_j) = Consequently 

<l^x^P> is minimally cyclic under MBX mapping as was to be proved.o 

The equivalent statement of Theorem 3-3.2 in the transform— domain is as follows. 

In a group algebra CG of tfoup G, where G = C • C C , over the complex 

r bIq nij 

space restricted to the real images, ideals generated by the following idempotent generators 
are cyclic: 

1) An all zero and an all 1 vectors. 

2) Idempotent generators of form E^(Xq) ; i = 0 to t^— 1 
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3) Idempotent generators of form E^(X ) II for i = 0 to t.— 1 and j 

J * J 


= 1 to 


4) Linear combinations of above. 

For the following examples, we characterise cyclicsdly closed abelian ideals in the 
transform domain , using the above theorem. 
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Examide 3.3.1: ii=8;m=4,m = 2 

0 ' 1 


Table 3.3.1: List of Minimally cyclic Idempotents along 
with the General Form of Mements of Corresponding 
Minimally Cyclic Ideals in C^ ^C^ Group ^gebrsu 



Sri Minimally cychc 

no: idempotent 

Form of general 
element of ideal 


E*(X) 

generated by Ei‘(X) 


0 1 

/ 

a 

0 


1 X +x* 

0 0 

A X +A*X* 

10 10 


to 

a'X2 

2 0 


3 X (1+X +X3+X2) 1 

1 0 0 0 

aX(a"+AX +A X^+a'X^) 

3 r 0 1 0 1 0 2 0-^ 

E««.,ie3.3A n = 32;m=4,m = 8 



Table 3.3.2: List of Minimally cychc Idempotents along 
with the General Form of Moments of Corresponding 

Minimally Cychc Ideals in C^ 9Cg Group ^gebra. 

Sri 

no: 

Minimally cychc 
idempotent 

Form of general 
element of ideal 


Bf(X) 

gen^ated by E^(X) 

0 

1 

✓ 

a 

0 

1 

X+X3 

0 0 

A X +A*X3 

10 10 

2 

X* 

0 

a'X2 

3 

(X +xp (i+x^+x>+xp 

(A X +A X^) (a +A X +a X^4‘ A X^) 

^ 3 1 3 r ^ 0 10 2 0 1 o*^ 

4 

(XJ+XJ) (l+X +XJ+XJ) 

(A X2+A X«) (a'+A X +a X*+A X*) 
'*1 '0 10 201 0'^ 

(A XS+ A* X*) (a' +A X +a' X*+A*XS) 

■51 5 r ' 0 1 0 2 0 1 0^ 

6 

(XS+Xp (1+X^+Xj+Xj) 

6 

XJ(1+X^+XJ+XJ) 

a X^fa'^ +A X X^+A X^) 

6 r 0 1 0 2 0 1 o' 
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Ecxample 3.3.3: n = 32 ; m^= 4 , m^= 4 , in^= 2 


Table 3.3.3: List of Minimally cyclic Idempotents along 
with the General Form of Elements of Correq>onding 
Minimally Cyclic Ideals in ® C^ ® Group Algebra 


Sri 

no: 

Minimally cyclic 
idempotent 

t?(X) 

Form of general 
element of ideal 

generated by E2^(X) 

0 

1 

✓ 

a 

0 

1 

X+X3 

0 0 

A X +A*X® 

10 10 

2 

X2 

0 

a'X2 

3 

(X,+Xp (1+X +XJ+X3) 

(A X +A X*) U+k X X“+A X») 
'^31 ar'o 10 20 lo' 

4 

Xj(l+X^+Xj+Xp 

a'XV+A X +a X*+A*X3) 

4 10 10 20 10 

5 

X (1+X +X2+X3) . 

2 0 0 0 

(l+X^+Xj+Xj) 

a' X (a^+A X +a X2+A*X®) . 

5 2 0 1 0 2 0 1 0 

(a^+A X +a X2+A*X3) 

'67181 71 ^ 
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3.4 Characterization of CycKcally Closed Abelian P-I Filters 

In this section we take up the characterization of cyclically closed abelian filters. As 
explained earlier, any cyclically closed abelian filter necessarily belongs to some ideal that 
is closed under MRX mi^ping. We have characterized idl such cyclically closed ideals in a 
^ven abelian group algebra. However, not all of the elements belonging to a cyclically 
closed abelian ideal can be taken as cyclically closed abelian P— I filters. This is due to the 
fact (Lemma 3.1.1) that any such cyclically closed abelian P— I filter, say s, should have 
additional property that the cyclic P— I matrix Sq and abelian P— I matrix associated 
with it must be the same. Let us consider the following example by way of illustration. 
Ebcample 3.4.1: n = 8 ; m^j = 4 , m^ = 2 ; x^ = Xj = 1. 

Ideals closed imder cyclic shifts are (1) < > and (2) < $(x^Kq(x^ > 

Let us consider s = (a^ 0 0 0 a^ 000)€< ^x^) >• In Section 3.1, we have seen that 
a P— I filter with this type of unit— sample response vector is a cyclically closed abelian P—1 
filter. Since s € < ^x^) > , all the abelian permutations of s also belong to < ^x^) >. We 
now consider an abelian permutation of s, Xq[s], and show that it is not a cyclically closed 
abelian P— I filter. 

XoW = (0 aj 0 0 0 a^ 0 0 0) 

Using (3.1.1) and (3.1.2), we write system matrices S^ and S^. 

0 0 0 a^ 0 0 0 a^ 

ajO 0 0 a^O O 0 

Oa^OOOa^OO 

0 0 0 0 

0 0 0 a^O 0 0 a^ 

a^ 0 0 0 a^ 0 0 0 

0 0 0 0 a^ 0 0 

0 0 a^O 0 0 

central library 

1 i. T.,, 
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OOOftjOOOaj 
ajOOOa^OOO 
OaOOOa^OO 
0 o' a 0 0 0 0 

OOOajOOO ^ 
ajOOOa^OOO 
0 0 0 0 a^ 0 0 

OOa„OOOaO 

It can be seen that for Xp[5], and are not equal. Therefore not all the elements 
of cyclically closed abelian ideals are cyclically closed abelian P— I filters. This is because 
the concept of a cycUcally closed ideal is less restrictive than that of a cycUcally closed 
abelian P— I filter. 

Alternatively, such cyclic filters firom a cycUcally closed abeUan ideal form a 
subspace which exhibits algelva isomorphism with the corresponding cycUc group algebra. 
We now characterize such a subspace of a cycUcally closed abeUan ideal. First we consider 
the case when Q = C x and later extend it to the case when G is direct product of r 

cycUc groups. 

Theoron 3.4.1: In the group algebra RG with G = 0 x 0 the following elements are 

“O “l 

cycUcally closed abeUan filters (c.c.st.filters): 

1) AU elements of the ideals of the form <^x^H^(x^)>. 

2) AU elements of the subspace consisting of elements of the form f(x^) belonging to 
an ideal of the type < ^x^)>. 

3) Elements obtained as Unear combinations of the filters of above types. 

; part 3 is trivial since MRK to cycUc mapjang is a linear mi^ping on 

proup algebra. 

i<tf(Xo)R^(xj)>. 

png to the ideeJ is of the form a(xQ,Xj) = a(xQ,Xj^)tf(xQ)Rjj(xj). Since 
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is same as that of Rq(Xj), the above code word can be written as a’(xpRQ(Xj), 
where a,*(x^ is an element in the ideal <^q(Xq)> and using equation (3.3.1), we have 
xJa‘(Xo)R^j(Xj) = z^[a‘(Xjj)Rjj(xj)] for j = 1 to m^— 1. Therefore it follows that 
X^a’(Xo)RQ(xj) = 2^a'(xjj)RQ(Xj)] for k = 0 to m^mj— 1. This shows that any element of 
the form a'(xQ)R^(xj) e < &q(Xq) Rq(xj) > qualify as c.c.a filters. 

2) Ideals of the form <5(Xj)>. 

Note that the this ideal is ^nerated by the following set S consisting of polynomials '{(x^ 
xj ^Xj) ; 0 < i < niQ~l , 0 < j < m^— 1 )■. Consider the polynomial (x^ x| 5(Xj)) where i ^ 0. 
Then we have 

*0° xj x} ^*l) = xj ^(^i) 

But 

z ® [ xj xj fl(xj)] s= z ®[x}tf(xj)] = xj+^^Xj) 

It is clear that the above two expressions may not be equal in general. This luq>penB 
whenever i ^ 0. And when i = 0, that is for elements of form xj 0(x^) = ^(xj^), according to 
(3.3.1) satisfy X*^d’(xj) = z^tf'(xj^)], for k ss 0 to m^jmj— 1, and hence qualify as c.c.a filters. 
By linearity property of MRX mcq>piiig all elements of the subspace generated by the set S' 

mj— 1 

= { ^Xj), x^^x^),...., x^ ^x^) } also have the property that the corresponding abelian 
and cyclic shifts are equal and hence qualify as c.c.a filters. Such an element is of the form 
f(x^) as was to be proved.D 

Remark 3.4.1: It should be noted that the subspaces spanned by ideals o£ type 
<^Xg)RQ(x^)> and subspaces consisting of elements of the form f(x^) € <^xp> are 
isomorphic as a group algebra to the corresponding subspaces of the cyclic group algebra 
und^ MRX mapping. The structure of these subspaces indicate that the cyclic vector in 
the «tW a cyclic vecter of Jgehra repeat*! m, time, or a cycUc vector 

of 0 algebra spread out in the abeUan giroup algebra such that the corresponding 
: “l 
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polynomial is of the form f(Xj). 

Now we take up the characterization of c.c.a filters for the case when G = 0 9 

0 

0 

m. m . 

1 r— 1 

llieorrai 3.4.2: In the group algebra RG with G = C ^ C 9.. .9 C the foUowinic 

m. m 4 ^ 

0 1 r-1 

elements are cyclically closed abelian filters: 

r-1 

1) All elements of the ideals of the type <^(Xp) H R^(xj^)>. 

r — 1 

2) All elements of the subspace consisting elements of the form 'f(x.) II Rg(xj^)' 

r— 1 

belonging to an ideal of the type <9{x.) II R-(x. )> for i = 1 to r— 1. 

* k-i+1 '' * 

3) Elements obtained as linear combinations of the filters of above types. 

P^odT: We prove by induction on the number of cychc groups in the direct product 
expansion of G. Theorem is trivial for r = 1 and true for r = 2 firom Theorem 3.4.1. We 
suppose that the theorem is true for G coiwisting of r-l cychc groups. If G* = 0 9 

“o 

•...• 0^ this implies that the following elements have c.c.a property in the EG' 
1 “r— 2 

algebra: 

r — 2 

Mements of the form 'f(x.) II E.(x. )' belon^ng to an ideal of the type 

* k»i+l '' * 
r--2 

<d(x.) n R-(x^.)> for i = 0 to r— 2. 

‘fc.i+1 * 

If G = G' ® then as explained in Theorem 3.3.2 ideals are of the form 


<^x.) n Rg(xj^)> and any element of the ideal is of the type (a(X') Rq(x^j)), where 
km i +1 

a(X') is a c.c.a filter by induction assumption. From this it is simple to verify that 


a(X')RQ(x^^) is also a c.c.a filter. Thu accoimts for all filter vectors mentioned in parts 1 
and 2 except filters of the form ^x^j). 

It remaim to conrider all possible filters that can be formed fiom the ideals of the 
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fonn It can be seen from the proof of Theorem 3.3.2 that all elements of the 

ideal of the type for j = 0 to m^j— 1, have the corre^onding cyclic and 

abelian shifts equal and therefore adl elements of the subspace generated by these elements 
qualify as c.c.a filters. 

Now consider an element of the form (X’*' where X’*" £ G*. Suppose *i’ be 

the first integer in the expanaon of X’*" = II x.* for which a. ^ 0 and let X'*" = x. ^ X*^. 

iaeO * * * 

m.— a. , M.fm.— a.) 

Then x. (X* ^x^j)) = X’*^ tf(x^j). On the other hand, z ^ ^ * pC'* ~ 

^i™i b b 

z [X* ^x^j)] which is not equal to X*'' general. This can be seen as 

M.xa. , 

follows. If i = r— 2, then z ^ ^ [X'** ~ ^^^h may not be equal always. 

M.m. 

K i ^ r-2, then taking b = 0, it is easily seen that z * * ^ always 

true. Therefore all possible c.c.a filtoMi from the ideal of the form <®(x^j)> are formed 
from the subepace consisting dements of the form f(x^^).0 

Remark 3.4.2: As stated in Remark 3.4.1, in the general case also the subspaces spanned 

t— 1 r— 1 

by the elements of the form f(;c) II Rq(Xj^) € <^x.) II IL(xj^> (i = 0 to i>-l) are 

fc=i+l kasi+l 

isomorphic as a group algebra to the corresponding subspaces of the cyclic group algebra 


undo: MRX mapping. The structure of these subspaces indicate that the cyclic vector in 


the abelian case either a cyclic vector of 0 

m. 


r— 1 

algebra repeated H m, times or a cyclic 
k»0 


vector of 0 algebra ^read out in the abelian group algebra such that the corresponding 
1 

t— 1 

polynomial is of the form f(x.) 11 Ra(x. ) for i = 1 to r-1. 

^ b-i+1 ” * 


3.5 Transform Domain Chaxacterization of Cyclically Closed 
Abelian P-I Filters 

Generalized Walsh Hadamard transform (GWHT) relates the Convolution operation 
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defined by the abelian permutation group, PG, in sample domain to point-wise 
multiplication in the transform domain. Whereas, Discrete fourier transform (DFT) relates 
the cyclic convolution operation in sample domain to point— wise multipHcation in the 


transform domain. A system, T , that has the choice of being characterised by either of 
the convolutional relationships, can be described in the transform domain either by using 
DFT or by using GWHT. Wlien the system, T , is used for manipulating the tranrform 
coefficients of input sequence, it can be viewed either as a cyclic filter (when DFT is used) 
or as an abelian filter (when GWHT is used). Figure 3.5.1 represents the transform domain 
interpretations of cyclically closed abelian P— I filter. 

Theorem 3.4.2 gives all the elements in abelian group algebra whose cyclic 
permutations are same as abelian permutations. Its equivalent statement in the 
transform— domain is as follows. 

In an abelian group algebra OG of group G where G = C 9 0 9 ... 9 0 , 

y W * jjg, JJJI 10^ / 

0 1 r-1 

over the complex space restricted to the real images, the following are the cyclically closed 
abelian P— I filters: 

1) All elements of the ideals of the type < B^(Xq) > for i = 0 to 1. 

2) All elements of the subspace consisting of elements of the form 


k-1 k-1 

< E*(Xj^ > n Rq(X.) belon^g to an ideal of the type < E?(Xj^) 11 IL(X^ > for i = 0 


j»0 

to t,— 1 and k = 1 to r— 1. 
Jc 


j-0 


3) Elements obtained as linear combinations of filters of above types. 

For the following examples, we list out all the cycHcally closed abelian P-d filters in 


the transform domain. 
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EbEample 3.5.1: n = 8 ; r = 2 ; 01 ^= 4 , mj= 2 

Table 3.5.1: List of Minimally Cyclic Ideals and 
the General Form of Moments of these Ideals which qualify 
as Cyclically Closed Abelian P— I Filters in C^ ^^2 Algebra. 


Sri Minimally Form of elements of 

no: cyclically closed <E?(X)> whose cyclic and 

ideal <E‘(X)> abelian permutations 

are identical 


0 <1> 

1 <X +X3> 

0 0 

2 <X2> 

0 

3 <X (1+X +X2+X3)> 

1 000 


/ 

a 


0 

A X +A*X* 
10 10 


a'X3 
i 0 

a'X(l+X +X2+X3) 

3 1 0 0 0 


Example 3.5.2: n = 32 ; r = 2 ; m^^ 4 , m^=: 8 


Table 3.5.2: List of Minimally Cyclic Ideals and 
the General Form of Moments of these Ideals which qualify 
as Cyclically Closed Abelian P— I Filters in C^ 9Cg Group Algebra. 


Sri 

no: 

Minimally 
cyclically closed 
ideal <e‘(X)> 

Form of elements of 

<E^(X)> whose cyclic and 

abelian permutations 
ue identical 

0 

<1> 

y 

a 

0 

1 

<X +X3> 

0 0 

A X +A*X3 

10 10 

2 

<X2> 

0 

a"X2 

2 0 

3 

<(x^+xp (1+X^+XJ+XJ)> 

(A X +A*X^) (l+X +X2+X3) 

4 

<(X^Xp (1+X^+XJ+XJ)> 

(A XjtAV) (1+X +x;+xp 

5 

<(x;+xp (i+x^+xj+xp> 

(A X®+A*X‘) (1+X +XM-X*) 

^ h 1 5 r ■ 0 0 0 ^ 

6 

<X*(1+X +X2+X3)> 

1 0 0 0 

a (1+X +x2+xn 

€ 1 ^ 0 0 0^ 
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where p = 11 mij^ , is a complex number and is its complex conjugate . 

m.-l 

Define R„( Xj^ ) = S ; k = 0 to r-1 . 

i 3*0 

(4) Consider polynomials of following forms : 

mQ-j 

a) S\X^j) = A.Xj + A*Xj, ;j = 0 to (t^-l). 

b) S^( X. ) n R J X. ) ; i = 0 to (t. — 1) and i = 1 to (r— 1) . 

* k-0 ^ 

(5) Let S( Xq, Xj, .. )X^^ ) be the polynomial obtained by the linear combination 
of polynomials mentioned in Step 4 . Also, let < ij, i^j > be the mixed-^adix 
representation of ' i ' w.r.t. M, in the sample domain. Now, map the polynomial S( X^, X^, 

X^j ) into a vector as S = ( Sq Sj S. ... ) where Sj is the coefficioat of the 

r— 1 

term ( II X^ ) 

«.o * 

Each of these complex valued vectors, S = ( Sg Sj ... Sj ... ), satisfying 

complex conjugacy relation can be taken as transform of the unit sample response vectors 
of cyclically closed abelian filters. Ther^ore, there are as many filters as the number of 
distinct vectors, S. 

By way of illustration of the above procedure, we consider the following example. 

Examine 3.5.4: 

(1) n = 8 ; m^= 4 , m = 2 ■, Xj = Xj = 1 

(2) conjui^y classes of mg and m^ are ( 0 ) , (1 , 3) & ( 2 ) and ( 0 ) & ( 1 ) 
respectively. Nmnber of conjugacy classes of mg and m^ are tg = 3 and t^ = 2 respectively. 

(3) In polynomial form Conjugacy classes of mg and m^ are 

S“(X^ = S‘(X|P = A,X„ + A*x5 & S’CX,) = xJ and S®(X,) = & S‘(Xp 

= &^X^ respectively, (coefficients of single element conjugacy classes are reals ) 

Define Rn(X„) = 1 + X„ + Xj + Xj. 
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(4) Consider polynomials of following forms: 

(») S'(X|,) ; j = 0 to 3. 

(b) S'(Xj).R„(X^) ; j = 0 to 1. 

(5) S(X^, Xp be the polynomial obtained by the hnear combination of polynomials 
mentioned in Step 4 . 


S(X,X,) = .ii + (AjX^ + A;X») + (4Xj) + a;x (l + X +X +X*) = 
% + A A + .^ XJ + a; xj + .; X, + a; XjX, + a; x^x’ + a, x,x’. 

where A. are complex coefficients. 

This polynomial S(X^, Xp is mapped into a vector as = (S^ ... Sj ... S^) where 


S. is the coefficient of the term X.^ X ^ : i 
1 0 1 ’ 0 

inS(X^,Xp. 

S = (a^ Aj a^ Aj a^ a^ a^ a^) 


and i^ mixed— radix representation of i in M 


Remark 3.6.1: In the sample domain by means of mixed— radix mapping we obtain the 

cycHc group algebra element for a given abelian group algebra element. But, in the 

transform domain this mapping is to be reversed for obtaining the corresponding cyclic 

group algebra element. This is illustrated in the example ^ven below. 

r— 1 m 

Example 3.5.5: Let G = G 90 9.. 90 ;n= II ; X„ =l;a€Z and let Z is 

ni_ m ^ « or r 

0 1 I— 1 o—O 

a generator of a cyclic group, 0^, of order n. In the sample domain tmder MRX mapping 
X ; a 6 Z is mapped into Z whwe M = II m, . Whereas, in the transform 

Of r Of jtsO * 

domain X ® is mapped into Z “ “;a6Z andM = II nu. 

“ ^ “ k-a+1 “ 

In what follows, we ^ve a procedure for finding the cyclic P— I filter for a ^ven 
abeUan P— 1 filter (Here, we are considering only those abelian filters that are closed under 
qrclic permutations). 
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Procedure finding cydic filter for a ^ven abelian filter: 
a— 1 r — 1 i 

Let S(X) = E S.( n X " ) be a cyclically closed abelian filter whose equivalent 
isO * a=0 

cyclic filter vector is to be found. 

i i M r — 1 

By applying the MBX mapping, X “ = Z ® ; a € Z and M = II m, , to 

' ® k»o+l “ 

S(X), corresponding cyclic filter S(Z) can be obtained. Then take IDFT of S(Z), or take 

i M i 

IGWHT of S(X). Denote it by s(X). In the sample-domain, by substituting Z ^ ® for X^“ 

; a € Z and M = II m. we can obtain s(Z), where s(Z) is IDFT of S(Z). 

^ “ k«0 “ 

Example 3.5.6: n = 8 ; m^ = 4 , m^ = 2 ; X^ = Xj = Z® = 1 

Let S(X) = Xq + Xq be the transform of a unit— sample response element of a 
cyclically closed abelian P— I filter whose equivalent cyclic P— I filter vector is to be fotmd. 

By applying transform domain MRX mapping, X^ = Z and X^^ = Z, to S(X) we get 
the corresponding cyclic P— I filter vector S(Z) as 

S(Z)=:Z^+Z^ 

Its sample domain vector, s(Z), is obtained by taking IDFT of S(Z). 

.(Z) = l-Z“ + Z^-Z« 

The other way to find s(Z) is, first find the sample domain vector, s(X), of S(X) (by 
taking IGWHT of S(X)). 

8(X) = l-Xj + Xj + XjXj. 

Applying sample domain MRX mapping, X^ = Z and X^ = Z^, to s(X) we get the 
corresponding cyclic P— I filter vector s(Z) = 1 — Z^ + 25^ — Z®. 

3.6 A Procedure for Identifying 2-D Cyclically Closed Abelian P-I 
Filters 

In this section, we proceed with the filtering of 2— 'D finite length discrete data on 
the lines of the facts discussed so far. To begm with, we review some of the concepts 
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related to 2— D P— I systems [9]. 

Here, the signal space of our interest is the speure consisting of all n x m matrices 

over reals. It can be treated as a vector space, V, of real n x m matrices. A 2— D finite 

discrete system is a mapping of the type V V. Let us take, for instance, an arbitrary 

input signal a from V, and permute the rows of ’ a • by members of a transitive abelian 

permutation group PG^ of order m and the columns by another transitive abelian 

permutation group PG^of order n. If the rows and columns of the corresponding output 

signal of the system T also gets permuted exactly in the same manner, then T is invariant 

to such permutations. Then we say that T is a 2— D permutation-invariant (2— D P— I) 

system relative to the pair of transitive abelian permutation groups PG and PG . 

1 3 

Thus, with a vector space of matrices over reals treated as a signal space, the 

operation of a generalized convolution admits of being treated as a 2 D P—1 system relative 

to PG^ and PGj* other words a 2-D P— I ^stem is described by: 

a— 1 la— 1 

b^,= S S s, . ,n.aj .;k€Z^ ,16Z 


'k4 


i=:0 j ®s0 




m 


(3.6.1) 

where a, h and a are respectively the input , output and systems unit sample 

response arrays ; V and 0 respectively denote pointwise subtraction operation in two 

mixedr-xadix number systons, one with mixed-nradix set M = { m^, nij, ... , } w.r.t 

which PG^ is d^ned and the other with mixed— radix set N = { n^, n^, ... , n^j } w.r.t 

which PG is defined, 
a 

Definition 3.6.1: A 2— D P—1 filter is a system T which maps the space of real n x m 
matrices, V, into a linear subspace of V in which the rows and coliunns of the matrices are 
invariant relative to PG^ and PG^ respectively and its input— output relationship is 
characterized by (3.6.1). 

Generally, we call this filt^ as a 2— D abehan P— I filter. If PG^ and PG^ are cyclic 
p^mutation ^oups, then, we call it as a 2— D cyclic P—1 filter. If the effect of permutations 
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belong^ to cyclic permutation groups PO^ (transitive cyclic permutation group of degjree 
m) and PC^ (transitive cyclic permutation group of degree n) is same as that of 
permutations belon^g to the permutation ^oups PG^ and PG^ on rows and coliunns of 
the unit-sample rei^onse matrix respectively, then the filter being characterized by this 
type of unit-sample response malbrix is called a 2— D cyclically closed abelian P—1 filter . 
Definition 3.6.2: A 2—D cyclically closed abelian P—I filter is a system T which maps the 
space of real n x m matrices, V, into a linear subspace of V in which the rows and columns 
of the matrices are invariant relative to the pair of permutation groups PC^ and PG^ and 
PC^ and PG^ respectively and its input— output relationship can be characterized either by 

(3.6.1) or by the following equation. 

n— 1 mt— 1 

~ ®(k-i)mod a , (H)n»4 m ®i,j ' ^ ^ ^ ^ 

(3.6.2) 

This is a 2—D cyclic convolutional relationship which is a special case of the 
generalized convolution defined as above in (3.6.1). 

Alternatively, 2—D P—I system can be described in the transform domain using 2—D 
GWHT as follows. 

A 2—D GWHT defined with respect to the mixedr-radix sets M = { mQ, m^, .., 
m^j} , N = {uq, Uj, .., me^ a € V.mto a matrix of complex numbers, A, in the 

transform domain.These two matrices are related by the following equations. 



a— 1 m— 1 r— 1 . , a— 1 .' 

E E ( B I ikeZ 

i«0 j-0 os-O a (M) a 


l€Z 


where 7^ and are m*^ and n^^ roots of unity respectively. 
0 a 


(3.6.3) 
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B,— 1 mr— 1 r— 1 . , #—1 . , 

•ij = (V»”) S S ( I 1 7j«‘<')Aj^ i iez j6Z 

” kssO 1 asO Ci (1*0 a ^ 


(3.6.4) 

Eqiiations (3-6.3) and (3.6.4) are known as 2--D Generalized Walsfar-Hadamard 
transform pair. 

If the matrix a belongs to V, then the samples of the transform matrix A satisfy the 
following relationship, generally known as complex— con jugacy relation between the 
transform coefficients. 




(3.6.6) 


where * denotes complex--conjugate, 0 and V respectively denote pointwise subtraction 
operation in two mixed— radix number systems , one with mixedr-radix set M = { m^, m^, 
... , } and the other with mixedr-radix set N = { n^, n^, ... , n^j^ } 

2— D GWHT de£med as in (3.6.3) and (3.6.4) replaces the convolution operation 
defined as in (3.6.1) with pointwise multiplication. Therefore, in the transform domain 
(3.6.1) can be expressed as 





(3.6.6) 


IGWHT IGWHT IGWHT 

where B * b , S ■ — ► s and A - * a 

FGWHT PGWHT PGWhT" 


Now with this background and by making use of the procedure given in Section 3-5 
for identification of cyclically closed abdian P— I filtos, we will give a procedure for 
identification of 2— D cyclically closed abdian P—1 filters. 

Procedure £(» idmidfying 2— D qrcUcaliy closed abelian P— I filtos: 

1) For a given pair of * n , m * choose mixed— radix sets N = { n^, n^, ... , n. , ... , 
n^j } and M = { mjj, m^, ... , m. , ... , m^j }. 

2) Find out the conjugacy dasses for all m. , 0 < i < r-1 . Let t. be the number of 
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conjugacy classes of an m. . 

3) Express each such conjugacy class as a polynomial in X. . Denote the 
conjugacy class of m by S^(X.). 

j ^ m — j 

where S^( X. ) = X. + X . ;j = 0 to , i= 0 to r-1 , p = H nij^ 

IS a complex nmnber and is its complex conjugate, 
m.-l 

Define R„(X^) = S X^ ; k = 0 to r-1. 
i*0 

4) Consider polynomials of following forms: 

(a) Si( X„ ) = A. X„ + A* Xj ; j = 0 to (t^-l). 

j-1 

(b) S^( X. ). n B^( X^ ) ; j = 0 to (t.— 1) and i = 1 to (r— 1) . 

kasO 

5) Let S( Xq, Xj, ) be the polynomial obtained by the linear combination of 

polynomials mentioned in step 4 . Also , let < i^, ij, i^j > be the mixed-^adix 
representation of ’ i ’ w.r.t. M . Now , map the polynomial S( X^, Xj, X^j ) into a 

r— 1 

vector as S = (Sq Sj Sj ... Sj ... ) where S. is the coefficient of the term ( II X ) 

* aaO 

inS(Xj,,Xj,...X^j). 

6) Repeat fi:om Stq> 2 to Step 5 for the second mixed^adix set. Let us denote the 

vectors corresponding to the two mixed-radix sets M and N by = ( S™ S™ ... ... 

) and S“ = ( ^ Sj SJ ... S? ... S;_i ) respectively. 

7) Construct a matrix S u^g the following equation . 

Sy = S».S? ;i6Z,MrfjeZ„ (3.6.7) 

Thb matrix S is the transform of the unit sample respome of a 2— D cyclically closed 
abelian P— I filter. For obtaining the corresponding cychc P— I filter, first apply the 
mapping to the vectora S^ and S**^ as mentioned in Example 3.5.5 and then construct the 
matrix as pven in (3.6.7) 
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Example 3.6.1: 

1) n = 8,m = 8,N = {n = 4,n = 2} and M=:{m=4,m = 2} 

First consider n , N . 

2) From Example 3.5.4, we obtain S“ = Aj a^ Aj a' a^ a^ a^) and 
S“ = (b^ Bj b' B* b' b^ b' b^) 

3) Construct a matrix S using the following equation. 

S. . = Sf . S*? ; i € and j € Z,. 

This matrix S is the transform of the unit sample response of a cycHcally closed 
abelian P— I filter. 

The following is the general form of transform of the unit sample response matrix of 
a 2— D cycUcally closed abelian P— I filter of dimension 8. 


S 


Cj Dj Aj Dj Bj Bj Bj Bj 

Cj Dj a^ D* bj bj b' 1^2 

♦ ♦ ♦ * ♦ ♦ ♦ 

^1 ^1 ®1 ®1 ®1 ®1 

Cg Dg a^ Dg Kg bg b^ bg 

Cg Dg a^ Dg b^ b^ l>g b^ 

^3 ^3 4 K ^ 

C^ Dg Dg H^g bg b^ b^ 


3.7 Equivalent Cyclic P-I Filters based on CRT Mapping 

In the above discussion, we have shown that under MHX mapping only a part of 
abeUan group algebra, namely vector space formed by cyclically closed abelian P—1 filters, 
is isomorphic to a part of cyclic group algebra and that any cyclic P—1 filter with unit 
sample response dement firom this part of cyclic group algebra has the structures of both 
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cyclic and abelian P— I filters inherently. In this section we undertake a study of cyclic 
mapping based on another important type of mapping namely CRT. This type of mapping 
is possible only when the orders of component cyclic sub groups are pairwise relatively 
prime. In this case it will be shown that algebras are isomorphic. As a consequence of this a 
cyclic P— I filter can be realized as an equivalent abehan P— I filter. This type of realization 
has advantages compared to the realization based on Q— T algorithm as will be shown later. 

We begin by showing that under CRT m£q>ping algebras are isomorphic. 


r-1 


JT— -X 

Theorem 3.7.1; Let n = II m be a product of integers relatively prime in pairs. Qroup 

A ^ 


ascO 

algebra RG of a group G where G=C ®C ®... ®0 is isomorphic to the group 

w m Ml 4 w * 

0 1 1^1 

algebra RO of a cyclic group of order n imder CRT mEq)ping. 

To prove this theorem we need the following two lemmas. 

Lemma 3.7.1: Under CRT mapping, if a(X) and b(X) of RG are mapped into a(Z) and b(Z) 
of RC then a(X) + b(X) is mapped into a(Z) + b(Z). 

Proof: Any a(X) and b(X) of RG can be written as a(X) = 2 a( 11 X “ ) and 

i-0 * o-O “ 

a— 1 r— 1 i 

b(X)= S b.( n X ®). Under CRT mapping, 
i=0 ^ a=0 “ 

CRT tt-1 T CRT tt-1 - 

a(X) ^>a(Z)= S ajZ*andb(X) b(Z) = S b^^ 

I«0 I-O 

r-l 

where I = S i M N (mod n). 

CM) “ “ “ 


Consider the CRT m{q>ping of [a(X) + b(X)], 


-1 r-l ft-1 

s ° V) + .sj 


CRT tt-1 , 

= (a. + b.)Z^ 

1=0 

Now considering tli^ sum of CRT mapping of a(X) and b(X), we have 


(3.7.1) 
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CRT a— 1 T T a-1 t 

a(X) + b(X) ( S ftj Z^) + ( S b, Z^) = S (a, + b-) T 

I»0 1=0 1=0 

(3.7.2) 

Prom (3 7.1) and (3.7.2), it can be seen that CRT mapping of [a(X) + b(X)] is same 
as that of a(X) and b(X).a 


Lemma 3.7.2: Let G = ® C ® ... ® C : let X , a € Z , be a generator of a cyclic 

“O 1 “r-1 Of’ f ® 

sub group C of order m , let Z be the generator of a cyclic group 0 of order n where 
m a a 


r~l 


n = n m^. Under a mz^ping based on CRT G and C are isomorphic. 


0=0 


r-1 


* — J. 

Proof: Under a mapping based on CRT, i^ = I mod m and I = S i M N (mod n) 

o o a a a 

I — 1 i 

where = n/m^ and is the solution of N M + n m =1. Then II X and 
o'o o a a a a -o 

0=0 


*IJ. 

n X are mapped into Z and Z*' respectively. Consider the product of CRT mappings 
0=0 

ofZ^andZ'^, 


CRT r— 1 i 


CRT 


t— 1 j 


•> n X “ and z-^ n X ® 

- o _ - o 


0=0 


0=0 


- , CRT r— 1 r— 1 j r— 1 (i + mod m 

(zlz*^) - — > (nx®.nx“) = (nx“ “) 

a*0 ^ af*sO ^ asa:0 ^ 


Now considering the CRT mapping of Z^'**’^, we have 


tW 


CRT 


-> = ( n X 
0=0 




mod m 


") 


(3.7.3) 


(3.7.4) 


Since (3.7.3) and (3.7.4) are eqiud G and C are isomorphic under CRT me^ping.o 


Ptoof: In ordm: to jnove that RG and RC are isomorphic, first we prove that [a(X) + 

CRT 

b(X)] m same as that of [a(Z) + b(Z)] tinder CRT mapping, where a(X) — — > a(Z) and 
CRT 

b(X) — — b(Z). This is already proved in Lemma 3.7.1. Next, we prove that the product 
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of any a(X) and b(X) of RG under CRT mapping, is the same as that of a(Z) and b(Z) of 
ROj^. Since an element of RG is a linear combination of the elements of G and linearity 
property holds for CRT mapping, it is enough to show that the CRT mapping of the 
product of any two elements of is the same as that of the product of the CRT mapping 
of the individual elements of C^^. This is proved in Lemma 3-7.2.Q 

Corollary 3.7.1: Under CRT mi^ping, product of a(Z) b(Z) mod (Z“ — 1) in RC is the 

same as that of a(X) b(X) mod (X - 1), (X ^ ^ - 1), ., (X - 1) in RG where a(Z) 

CRT CRT 

^>a(X)andb(Z) > b(X). 

Pro(^: Its proof is contained in the proof of Theorem 3.7. 1.0 

Corollary 3.7.2: Under CRT mi^ping, an ideal of RC mapped into an ideal of RG. 

Proof: This a consequence of the above corollary and the Lenmui 3.7. 1.0 
Remark 3.7.1: Theorem 3.7.1 has an interesting consequence that any cyclic P— I filter 
whose dimension is a product of pairwise relatively prime integers, has an equivalent 
recdization as an abelian P—1 filter. As proved in the theorem relevant mapping is given by 
the CRT. It will be shown later that the realization of abelian P— I filter has some 
advantages compared to the realization c£ the corresponding cyclic P— I filter using 
Goodr-Thomas algorithm in rei^ect of address shuffling. 

We illustrate above concepts with the following example. 

Examjde 3.7.1: n =: 6 ; m^ = 2 , m^ = 3. 

CRT mapping : i = 4 ij + 3 i^ mod 6 where i € Z^ , i^ € Z^ and i^ 6 Z^. 

Consider the following cyclic P— I filter. 


f *’« 1 


“o 


«4 

®3 

®2 

h 


®o 

>>1 



"o 

"5 

*‘4 

®3 

®2 



^2 


®2 


"o 

*5 

®4 

®3 


®2 

^3 


*3 

®2 



®5 

®4 


®3 

^4 

SS 

“4 

“3 

«2 

"l 

®0 

®5 


“4 

. ^>5 . 


*‘5 

®4 

®3 

®2 

®1 

®0 


A 
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We know that the above matrix computation is equivalent to the polynomial 
multiplication a(Z)s(Z) mod (Z“ — 1). By Theorem 3 . 7.1 this is equivalent to the 

polynomial multiplication a(X)s(X) mod (X^® - 1), (X^^ - 1), - !)• The 

corresponding mapping is given by CRT mapping. The corresponding matrix equivalent is 
given by 


f ] 



®8 

"2 

"5 

"4 

"1 



^3 


"8 


"5 

«2 


®4 


®3 

^4 


*4 


"o 

®8 

®2 

"5 






"4 

"3 


"5 

®2 



^2 


"2 


®4 



«3 



. ^5 . 


"5 

®2 

"1 

"4 

«8 

®o 




Corresponding cyclic P— I filter output is obtained by applying inverse CRT mapping to the 
output of abelian P— I filter. 

Since the extension field required for defining both the DFT and GWHT are same, 
it is possible to consider the spectral equivalent of the corre^nding sample domain CRT 
mapping. In the following theorem we show that the CRT mapping considered in the 
sample domain also nuq>s a GWHT coefficient to a corresponding DFT coefficient. 

Theorem 3.7.2: Let 't' be the CRT mapping; let and denote the DFT and GWHT 
of o. Then a 9 is equal to A^.... 

Proof: GWHT dofiiiod with roopoci to {m,, 114, mapo a ««tor a aa 


= Z a 


<i-i iM) ‘.-a H "“.-1 


i„> I 


Vl'.-l *: 




-2^p-2 




W 2 






( 3 . 7 . 6 ) 

where <ij^j i^2 ij iQ> and Ji mixed-radix representations of i 
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and j. 


Under CRT mapping, i and j are mapped into t(i) and t(j) where t(i) = [ 


x-l 

S 


cM) 


r-1 

N^M ] mod n and t(j) = [ E N^M^^jmodn and t(i) mod = i^ j a € Z^, and 

also t(i)t(j) = t(ij) mod n. 

Applying CRT mapping to (3.7.5), we get. 


ar-1 


t(y) 

\ = 


a— 1 

s 


issO 



\ 


(3.7.6) 


which is same as A^..v. 

t(j) 


Therefore t(j)'*^ DPT coefficient of ‘a* is same aa the GWHT coefficient o 
Remark 3.7.2: This is unlike the case of Good-Thomas (G— T) algorithm which requires 
two different address shuffling, one for the spectral domain and the other for the sample 
domain. Therefore there is an implementation advantage in using GWHT compared to 
G— T algorithm in realizing a cyclic P— I filter in that we can do with only one type of 
address shuffling both in the spectnd domain and sample domain, namely CRT mapping. 

The block diagrams for realizing cyclic P—I filter using distinct ^proaches of 
GWHT and G—T algorithm are given in Figure 3.7.1. 



Input 


Output Id'. 





Cyclic 
P-I niur 


Fi». 3.7.1.*: Cyclic F-I rilter 


Unit sample 
respcinse 



Output t)' 


Fig. 3.7.1.b: Implementation of a Cyclic P-I Filter using G~T FFT 

based on CRT 


Unit sample 
response 's' 



Output 'b' 


Fig 3 7.1.C: Implementation of Cyclic P-I Filter using GWKT based on 
CRT Mapping 


Fig 3.7.1 : Implementation of a Cyclic P-I Filter using 6-T FFT Algorithm 
and using GWKT based on CRT 


















CHAPTER 4 

CONCLUSIONS 

In this thesis, we have considered group algebraic approach to the study of P— I 
filters. In this approach, a P— I filter is seen as a mapping that maps any element of a group 
algebra into an element of an ideal in that group algebra. The class of P— I filters that maps 
elements firom a group algebra into an ideal is itself shown to be an ideal. This facilitates 
classification of P— I filters based on ideals in group 2 Jgebra. Specifically, ideal theoretic 
results have been used to characterize P—1 filters that have got the structures of both cyclic 
and abelian P— I filters inherently. We call this type of filter as cyclically closed abeliw 
P— I filter. It is shown that under MRX mapping, only a part of abelian group algebra, 
namely subspace spanned by the class of cyclically closed abelian P-4 filters, is isomorphic 
to the corresponding part of cyclic group algelara. Next, we have considered CRT mapping 
(When the orders of component cyclic groups are pairwise relatively prime) and shown that 
under this mapping, a cyclic group algebra is isomorphic to an abelian group algebra. Then 
we have shown that all cyclic P— I filters whose dimensions are products of pairwise 
relatively prime numbers have equivalent abelian P—1 filter realizations. 

4.1 Summary of the Results 

The results obtained in this thesis are summarized below. 

1) A class of P-4 filters that maps elements fi'om a group algebra into an ideal is 
itself shown to be an ideal. Consequently, abelian P— I filters are dassified based on the 
ideals in abelian group algebra and cyclic P—1 filters are classified based on the ideals in 
cyclic group algebra. 

2) A P— I filter that is invariant relative to both cyclic and abdian permutations is 
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called a cyclically closed abelian P— I filter. This type of P—I filters are interpreted as 
elements of cyclically closed ideals in abeli 2 ui group algebras and a complete 
characterization of these filters is obtained. In the group algebra RG with G = C ® 

“o 

®...®0 the following elements are cyclically closed abelian filters: 

r — 1 

a) All elements of the ideals of the type <^Xq) II Rjj(xj^)>. 

b) All elements of the subspace consisting of elements of the form 'f(x.) 

r — 1 r — 1 

n Ra(x.)* belonging to an ideal of the type <^(x.) II R„(x. )> for i = 1 to 

k«i+l “ 'fai+1 

i>-l. 

c) Elements obtained as linear combinations of the filters of above types. 

3) By making use of the 1— D results, a procedure for the identification of 2— D 
cyclically closed abelian P—I filters is obtained. 

4) It is shown that imder CRT mapping cyclic and abelian group algebras are 
isomorphic and that any cyclic P—I filter whose dimension is a product of pair wise 
relatively prime integers has an equivalort abelian P—I filter realization. An important 
observation here is that th«re is an implementation advantage in using GWHT compeured 
to G— T algorithm approach in realizing a cyclic P—I filter. 

From the above results, it is concluded that in general GWHT can be used to 
extract only few cyclic features. These are the features of cyclically closed abelian P—I 
filters. However, if a GWHT matrix is a direct product of pairwise relatively prime length 
DFT matrices, then that GWHT can be used to extract all the corresponding cyclic 
featmres. 

4.2 Suggestions for fiirther research 

1) In this thesis, we considered characterization of P—I filters that are invariant 
relaluve to a cyclic TAP group and a non-cyclic TAP group. Investigation can be done for 



76 


characterizing P— I filters that are invariant relative to a pair of non-cyclic TAP groups. 

2) Based on the method of characterizing 1— D cychcally closed abelian P— I filters 
and experimental verifications, a procedure is ^ven for identifying 2— D cyclically closed 
abelian P— I filters. Therefore, one can work out the theoretical details concerning the 
characterization of 2— D cyclically closed abelian P— I filters. 

3) It is interesting to investigate whether there are any 2— D P->1 filters that are 
invariant relative to two pairs of non— cyclic TAP groups. 

4) It remains to be seen whether the number of zero crossings of the basis functions 
of GWHT can provide a necessary basis for developing the notions of filtering using P—1 
filters analogous to that of cyclic and dyadic P— I filters. 
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